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Preface 
Modern physics is a science which studies various forms of matter and the laws 
of its motion. The matter is known to exist in two forms: substance and field. The 
principal property of matter is motion. By the motion of matter we understand any 
change in the state of reality which takes place in nature and human society; change 
in the mutual arrangement of bodies in space; heating or cooling substance; radio 
wave distribution; radioactive fission; chemical reactions, plants growth, etc. 
Mechanics is a science studying the simplest forms of matter motion and relative 
displacement of bodies. Observing the motion of bodies, scientists use different 
approximated models in mechanics one of which is the model of material point. 
Material point in mechanics is considered to be such a body the dimensions of which 
are negligible under the conditions of a specific task. For example, studying the 
movement of the earth round the sun, the earth can be considered a material point. At 
the same time, observing the motion of an artificial satellite of earth, we should mind 
its size. Fundamental laws of mechanics provide the basis of modern physics. 
Without consideration of these laws, it is impossible to comprehend the processes 
going on in macro and the micro universe of our nature. 
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Chapter 1. FUNDAMENTALS OF KINEMATICS 
1.1. The position of the material point in space, the trajectory 
Observing the motion of the material point in space, it is necessary to choose 
the frame of reference. In order to achieve this, the object, relative to which the 
motion of the material point is considered, is linked with a coordinate system and 
clock to check the time.  
 In a Cartesian coordinate system (fig. 1.1), the position of a point in space is 
set by three coordinates x, y, z or by using 
position vector r  drawn from the coordinate 
origin to a material point. As far as position 
vector projection on an axis equals the 
coordinates of the material point x, y, z, that is, 
; ;x y zx r y r zr    , then 
r ix jy kz   ,                              (1.1) 
where 1i j k    – unit vectors spaced 
along the positive axes x, y, z. 
Vector magnitude r , that is, the distance from coordinate origin O to the point, 
is defined by the formula: 
2 2 2 .r x y z                                         (1.2) 
If the material point moves in space, its position vector changes its magnitude 
and becomes the function of time: 
( ).r r t                                                       (1.3) 
The function ( )r r t  is called vector law of the point motion. In the form of 
coordinate this law looks as following: 
( )
( ) .
( )
x x t
y y t
z z t
 

 
 
                                                         (1.4) 
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While the material point is being displaced, the end of the position vector r  
describes a line AaB called trajectory (fig. 1.2). The relation between (1.3) and (1.4) 
can be considered as the parametric equation of 
trajectory (both in vector and coordinate form). 
The parameter is time - t . Trajectory equation 
in explicit form, ( ; ; ) 0f x y z  , can be obtained 
from the system of equations (1.4) providing 
that the parameter t  is eliminated. For instance, 
find ( )z z t  from the equation ( )t z . 
Substituting t  in the first two equations of the system (1.4), the result is: 
( )x x z    ( )y y z   . 
Depending on the form of trajectory the motion can be linear or nonlinear. 
Trajectory form depends on a frame of reference, relative to which the motion is 
considered. For instance, a point of airplane screw relative to a fuselage has a circular 
movement, but relative to the Earth surface – a helical line movement.  
1.2 Velocity and acceleration 
Suppose that the material point at time t is at the point A, its position vector 
1
r , 
and at the next time 2t t t   it is at the point B with position vector r . The 
trajectory segment AaB is called the distance S  that the point has moved during the 
time t  (fig. 1.2). 
The vector 2 1r r r    that has a direction from initial position of the point in 
A to a final position in B is called displacement vector. 
Relation of displacement r  to time interval during which the displacement 
happened is called average velocity: 
.
c
r
t
v


                                                          (1.5) 
The vector Cv  coincides with the direction of displacement vector r .  
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On separate trajectory segments, the velocity can differ. For this reason, it is 
advisable to use the notion instantaneous velocity: 
0
lim .
t
r dr
t dt
v
 




                                                         
 (1.6). 
The direction of instantaneous velocity vector coincides with tangent to motion 
trajectory because if 0t   the point B moves to the point A, where .Sr    
Instantaneous velocity magnitude v : 
0 0 0
.lim lim lim
t t t
rr S dS
v v
t t t dt     
     
  
                  (1.7) 
Thus, velocity vector magnitude equals the derivative of distance to time. 
Velocity vector, as well as any other vector, can be expressed through its projections 
, ,
x y z
v v v  on the coordinate axes: 
.
x y z
v iv jv kv                                   (1.8) 
Using the relation (1.1), equation (1.6) can be written as following: 
  .dr d dx dy dzv ix jy kz i j k
dt dt dt dt dt
                    (1.9) 
Comparing (1.8) and (1.9), the following conclusion can be reached: 
; ; .x y z
dx dy dz
v v v
dt dt dt
  
                                      
 (1.10) 
Velocity vector magnitudev : 
2 2 2
2 2 2 .
x y z
dx dy dz
v v v v v
dt dt dt
      
     
     
     
(1.11) 
If the value and direction of a velocity vector do 
not change with time, such motion is called constant 
motion. 
In general, the velocity of the material point that 
moves can vary in magnitude and direction. Time change 
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of velocity is characterized by a hysical quantity called acceleration.  
Supposing that at time t point M , that are in the position A, has velocity v  (fig 1.3).  
At time t t  when it reaches the position B, its velocity will equal v . Then 
displace vector v  parallel to itself from the point A to the point B and build velocity 
increment vector v v v  
 
during ∆t. The value  
                              
,ср
v
a
t



                                             (1.12) 
is called average acceleration of the point during ∆t 
Instantaneous acceleration is defined by a limit that the value 
v
t


directs to if 
0t  : 
                   
2 2 2
0
lim .
yx z
t
dvv dv dv dv d x d y d z
a i j k i j k
t dt dt dt dt dt dt dt 

       

   
(1.13) 
Since the acceleration vector a  can be expressed by its projections on 
coordinate axes: 
,
x y z
a ia ja ka                                    (1.14) 
the relation for acceleration components, comparing (1.13) and (1.14), is formed:  
2
2
x
x
dv d x
a
dt dt
  ,
2
2
y
y
dv d y
a
dt dt
  ,
2
2
.zz
dv d z
a
dt dt
 
             
(1.15) 
Acceleration magnitude a  
2 2 2
2 2 2
2 2 2
2 2 2 .x y z
d x d y d z
dt dt dt
a a a a a
     
     
     
     
        
(1.16) 
If the material point moves with constant acceleration, such motion is called 
equally changing. If 0a  , the motion is of constant acceleration, if 0a  , the motion 
is of constant deceleration.  
Let’s define acceleration when motion trajectory of the material point is a plane 
curve (see fig. 1.3). Along the direction of vector 
'v place vector BD that equals v  in 
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magnitude. Then place vector CD and denote it as nv , and vector DE denotes as 
v .  
Fig. 1.3 shows that  
,nv v v                                            (1.17) 
where nv  – a vector that describes velocity change with direction; v  – vector 
magnitude that describes velocity change with value. 
Then, acceleration at the point A:  
0 0 0
.lim lim limn
t t t
v vv
a
t t t

     
 
  
  
                     (1.18) 
Define by accelerations:   
0
,lim
t
n
n
v
t
a
 



                                                       (1.19) 
0
.lim
t
v
a
t


 


                                                                             
 (1.20) 
Vectors na  and a  are called accelerations: centripetal and tangential 
respectively. Normal acceleration na  characterizes velocity change along with 
direction per unit of time and the magnitude of tangential acceleration a  shows the 
velocity changes with a value per unit of time.  
Thus correlation (1.18) has the following form: 
,na a a                                                                   (1.21) 
that is a vector sum of the components: normal na  and tangential a . 
Let us denote normal acceleration vector na . Providing that the period of time 
t, during which velocity changes, is infinitely small, the motion trajectory will be a 
seeding of a circle with a center in the O point and radius ОА  ОВ = r. Angle АОВ 
= СВD =  (as angles with mutually perpendicular arms). From similarity of АОВ 
and ВСD triangles follows: 
nv r
v r
 
 ; n
v
r
r
v   
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Thus, normal acceleration magnitude 
2
0 0
.lim lim
t t
n
n
v r v
t r t r
v
a
   
 
  
                           
(1.22) 
Let us denote base angles of the equilateral triangle BCD as  . Then 
2 180   , hence 90
2

   . If 0t  , then 0  , and 090  . 
Thus, nv  is perpendicular to the v  velocity vector, and as a result na  is also 
perpendicular to the velocity and being directed along the r radius towards the center 
of curvature of the O curve. 
If we direct the unit vector n  along the radius towards the center of curvature 
of the curve (fig. 1.4), then normal acceleration 
vector can be written in the following form: 
2
.n
v
a n
r

                                         
(1.23) 
This expression for na  can be used not 
only when we consider motion along the circle, 
but also with curve trajectory of a derived form, as 
any trajectory is a set of adjoining circular arches 
of different radii, that are tangent to the trajectory 
curve at a given point (fig. 1.5). For instance, 
motion along section 1 can be imagined as that 
which passes the circular arch with OA radius, etc. 
Thus, in case of motion along any trajectory, 
normal acceleration is defined by correlation (1.23), 
yet we will take variable curve radius  as a radius which is equal to r at any point of 
the circle radius trajectory that touches the trajectory at certain point 
2
.n
v
a n


                                                                   
(1.24) 
From this, it follows that, the less the curve radius is, the more is normal 
acceleration. In the case of straight-line motion, if   , then 0na  . Now let us 
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define the tangential acceleration vector a  (1.20). Let us notify that vector 
magnitude v   
.' ( ) ( )v v v v t t v t       
Then acceleration vector magnitude a  
0 0
.
( ) ( )
lim lim
t t
v t t v tv dv
t t dt
a     
 
  
 
 
Thus, tangential acceleration magnitude  
.
dv
dt
a 
                                                                       
(1.25) 
As v  coincides with the direction of tangent to the motion trajectory when 
0t  then a  is also directed along the tangent to the motion trajectory at a certain 
point. From this derives the name a  ‒ tangential, that is tangential to the motion 
trajectory. Let us introduce unit vector   (fig. 1.4) tangential to the motion trajectory 
at a certain point. Then 
.
dv
a
dt

                                                                   
(1.26) 
In case of uniform circle-wise motion 0a   only normal acceleration exists. 
Coming back to (1.21), let us write a full acceleration vector in the following form: 
2
,n
v dv
a a a n
r dt

   
    
  
   
                             
(1.27) 
and its magnitude 
2 22
2 2 .n
v dv
a a a
r dt
   
    
  
     
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1.3. Circle-wise motion of a material point 
Let us consider one of the certain cases of curve motion - circle-wise motion of 
a material point. Let us choose reference frame, 
starting point of which coincides with a circle 
center. Let us take an axis of coordinate x as any 
radius direction, for instance, horizontal (fig. 1.6). 
Then momentary position of a point, which 
moves circle-wise is defined by the rotational 
angle ( )t  , and its radius – vector r .  
Let us assume that during t  time the radius - vector r  has turned at an angle 
  (fig. 1.7). Angle movement is characterized by both numerical value and the 
direction of a turn.  
Let us demonstrate, that elementary (minor) angle movement   (or d ) has 
vector properties.  
Let’s illustrate   as a line with the 
length of   which is directed perpendicularly 
to the plane of a circle. The direction of   is 
determined by the right-hand rule – if four 
fingers are positioned in the direction of the 
point movement the thumb at the 90° would be 
pointed towards the direction of the   vector 
(fig. І.7). Let’s look at the 1  and 2 angular 
displacements. If they are considered as vectors then they have to be added according 
to the vector addition rule. Supposing, the angular displacement 1  corresponds to 
the displacement vector of material point 1r  and the displacement vector 2r  
corresponds to the angular displacement 2 . Total of the displacement vectors 
1 2r r r     corresponds to the vector of some angular displacement   which 
can be found by addition according to the vector parallelogram rule 1  and 2  
(fig. 1.8): 
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1 2,      
that is two sequential rotations  1  and  2  are equal to one angle   rotation. 
Consequently, elemental angular displacements  can be considered as 
vectors. 
Vectors similar to   directions 
of which are connected with the 
direction of the rotation and reverse 
when change a coordinate system from 
the right to left one, are called pseudo 
vectors or axial vectors. 
Note that vector characteristics 
belong only to elemental angular 
displacements .  Angular displacements    are not vectors. If such angular 
displacements  are illustrated as the lines perpendicular to the plane in which the 
displacement takes place then these lines will not add together according to the 
parallelogram rule. 
If elemental angular displacement   takes place in the time interval t  it 
results in average angular velocity 
.сер t
 


 
                                                       (1.29) 
Instantaneous angular velocity 
0
.lim
t
d
t dt
 

 

 

                                           (1.30) 
The SI unit of angular velocity is radian per second (rad/s). Angular velocity 
  as well as the elemental angular displacement d  is pseudo-vector, which 
corresponds to the d  direction (fig. 1.7). 
15  
In case of uniform circular motion angular velocity magnitude 
 
is    
constant – const  . Knowing the the law of the material point motion can be 
formulated 
Cdt t     , 
where C is integration constant which is deduced from the initial data (if 0t 
 
and 
angle is 0   then 0
C  ). 
Hence, the law of the uniform material point motion in circle takes the next 
form 0 t    . 
Uniform circular rotation  is often called angular frequency; it can be 
expressed in terms of revolutions n per minute produced by the material point which 
moves in a circle. As one full revolution corresponds to the angle 2radian then in 
the case of n revolutions 
2 .n                                                          (1.31) 
In general, angular velocity   can change with time ( )t  . If the change 
of   in time interval t equals   it results in instantaneous angular acceleration  
0
2
2
lim .
t
d d
t dt dt
  

 

  

                             (1.32) 
The SI unit of angular acceleration is measured in rad/s
2
. Vector   as well as 
  is pseudo-vector.  
If a material point moves on the same plane all the time without changing its 
direction the angular velocity vector   will change only in number with time. Then 
angular acceleration vector   will be directed along vector  . Moreover, if the 
motion is accelerated ( 0  ) then   is equal to . In case of deceleration 
( 0)   vector   will be directed to the opposite direction (fig. 1.7).  
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Double integrating of 
2
2
d
dt

   results in the constant motion equation  
2
0 0 2
t
t

     , 
where at an instant of time t = 0 angle of rotation is 0   and angular velocity is 
0  . 
Let’s observe the connection between linear characteristics of point motion, i.e. 
velocity v  and acceleration na , a  and angular characteristics. It is a well-known 
fact from geometry that angle of rotation  and arc length S are connected by 
proportion ( ) ( ).S t r t  
Velocity of material point in circle (linear velocity)  
  .
dS d d
v r r r
dt dt dt

                          (1.33) 
Considering that v , r  and   are vectors (fig.1.9), the formula (1.33) can be 
written in the form of vector: 
 , .rv                                          (1.34) 
Vector product  r

,  agrees with the direction of 
vector v  and it has a magnitude which equals 
sinv r r    . Let’s find the connection between 
linear acceleration and angular acceleration 
., , , , ,
dv d d dr
a r r r v
dt dt dt dt

   
                   
       
This formula corresponds to the equation na a a   where 
,a r   
 ,                                                                                     (1.35) 
.,na v                                                                                (1.36) 
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Problem solution samples 
Problem № 1.1 From the point at a height of 0 :y  above the earth surface with 
the interval of time   two bodies are thrown one by one with equal velocity 0 :v  – 
object 1 is thrown vertically up, object 2 is thrown vertically down. In what amount of 
time t  from the beginning of the object 1 motion both objects will be apart at the 
distance r . 
Solution: 
Let’s consider the point of throwing as a coordinate origin. Let’s direct the 
axis vertically down. The distance between two objects at an instant t  will be equal 
to the displacement difference 2 1r r r    or vertical projections 2 1.y y y    
Object 1 initially moves up in constant deceleration during the time t1 then, 
during the same time, it moves down in constant acceleration to the point of throwing 
where it accelerates again 0v . Its displacement equals 
2
1 0 1 1( 2 ) ( 2 ) .
2
g
y v t t t t     
The movement of object 2 
2
2 0( ) ( ) .
2
g
y v t t      
Knowing that 
0
1
v
t
g
  we define 
2
0 0(2 ) .
2
g
y v g v

     
 
Following this, considering that y r    
2
0
0
( )
2
2
g
r v
t
v g



  

  
on condition that 0
2
g
v

 . 
Problem№ 1.2. From the coordinated point  x0, y0 an object was thrown at an angle 
α0  to the horizon with the initial velocity 0v  (fig.1) 
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It should be found: 
 the location and velocity of the object in 
time t; 
 an object flight trajectory equation; 
 normal and tangential acceleration of the object and radius of curve trajectory 
at the moment t ; 
 full time of the flight; 
 the maximum height; 
 the angle at which the object should be thrown, to equalize the height and 
flying range (on condition that 0 0 0x y  ). 
Solution: 
Let us direct the axes of 
rectangular coordinate system X and 
Y to the horizontal and vertical 
directions of the point displacement. 
Vector movement equation of the 
objects will look as follows: 
2
0 ;2
g
tr v t    
0 .v v gt   
Projecting the first equation on the axis of coordinates, we will get two 
projection equations that determine the object position at the moment of time: 
0 00
;cosx x v t    
0 0
2
0 .
2
sin
gt
y y v t     
As far as each vector can be demonstrated as a sum of all their projections (they 
are also vectors) on the axis of coordinates, each vector equation can be introduced 
as two vector equations yet for projections. Formulating the projections of vector 
quantities that are the part of the second equation on the axis of coordinates, we 
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define velocity constituents: 0 00 0;cos sinx y gtv v v v     net velocity (the 
theorem of Pythagoras is used) 
2
0 0 0
2 22 2
2 2 sin ;x y v gt g tv v v v     
0
0 0
.
cos
y
x
v gt
tg
v v
tg 

    
The tangent of an angle between the direction of net velocity and X-axis is equal 
to that is it changes with time. Is it clear insofar as velocity quantity has geometric 
interpretation in terms of the tangent of the angle of slope tangential to the relation 
coordinate or vector-radius to time. Excluding t from both equations that determine 
the position of the body at the moment of time t, we will get the flight trajectory 
equation  
2
0
0 0 0 2 2
0 0
( )
( ) .
2 cos
g x x
y y x x tg
v



     
To define the tangential and normal acceleration of the object at the coordinate 
point x, y, note that complete acceleration of the object all the time directed down  
and this demonstrates only acceleration of gravity force g . 
Tangential acceleration is equal to the projection of vector g  to the tangent of 
the trajectory (that means sing  , as we can see from the fig.), and normal 
acceleration is equal to the projection cosg  by normal. 
2 2
1
;
1 1
cos .sin
tg
tg tg

 

 
  
As far as: 
.;
yx
n
gvgv
a a
v v
     
Let us define the approximate value of the radius curvature (R) of the trajectory 
at the moment of time t. The point moves along the arc of the circle and its 
acceleration is: 
2
,n
R
v
a   
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from which we get:
 
2 3
.
n x
v
R
gv
v
a

 
Maximum flight range maxx  we will define from given 0y  . Regarding in the 
equation the trajectory 0y  , we will get the quadratic equation from which we can 
define maxx : 
2
0
2
02
0
0 0 0max max
2 cos
( ) 0.( )
g
x
v
tg x yx x

     
If the object was thrown from the point on the surface where 0y  , the task 
will be simplified. Cancelling 
0max( )xx   we define that: 
0
2
0
0max
sin 2
.
v
x
g
x

   
Full flight time can be defined as: 
2
0 00 2
,sin
gt
y y v t   0y   
from which: 
0
2 2
0 0 00
max
sin 2sin
.
v gyv
g g
t

 

 
Maximum height is achieved at the moment of the time t
 
when 0yv  . As long 
as the constituent of the velocity vector along Y axis is 00 siny gtv v   , so if 
0.yv   
0 0sin .
v
g
t

  
Now we will use the equation for the movement constituent of the object 
parallel to the Y-axis, stating maxy y  
2
0 0 0max sin .
2
gt
ty y v    
Excluding time t from both equations, we will get: 
21  
22
0 0
0max
2
sin
.
g
v
y y

  
Obviously, the max height will be at 0 90   in other words when the object is 
thrown up vertically. 
Equating maxx  and maxy  to each other (provided that 0 0;0 0x y  ) we get the 
condition of equality of maximum lifting height and flight range of a body 
2 2
0 0 0 0
2
sin 2 sin 2
,
g g
v v 
  
where 
0 04; 76tg   . 
Let us find the velocity of the body at the time of landing resv  (provided that
0 0;0 0x y  ).To do this, substitute value max
02 sinv
g
t t

  in the expression for the 
velocity ,x yv v  and v , and also in  the formula for the tangent of the angle between v  
and the axis X. Thus we get  
0 0 00 0 0; ; ;cos sinx y res tg tgv v v v v v         . 
We see that the vertical component of the vector of velocity of the body during 
the flight changes from 00 sinv   to zero and then to 00 sinv  . Horizontal 
component remains constant and equal 00 cosv  . Thus, the magnitude velocity v  in 
the air changes all the time. The direction of the velocity is also changing as the 
tangent of the angle between v  and the axis X decreases from 
0
tg  to zero (in the 
point of maximum lift), and then to 0tg  (in the point of landing). 
Problem № 1.3 
The ball falling from the top of the tower has flown l m, when the second ball 
began to fall from a point, located on h m below the summit. Determine the height of 
the tower when both balls reach the earth simultaneously. 
Solution: 
Let's the first ball flew l m for 
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1
2l
t
g
 , 
and the second ball was falling 2t  sec. Than the falling time of the first 
1 2
2l
t t
g
  . 
The way passed by bodies is 
2
2
1
2
H h gt   and 22 .
1 2
( )
2
l
H g t
g
   
Define from the first equation 2
2( )H h
g
t

  and substitute in the 
second:  
2 21 2( ) 2( ) ( )
2
H h l
H g H h l
g g

      
or 
2 ( ) .h l l H h    
Both parts of equality bring to the square and we get 
2( )
.
4
l h
H
l

 
Problem № 1.4 The disc with radius 20smr   rotates according to the 
equation 3A Bt Ct     where 33 , 1 , 0,1A rad C rad s C rad s    . Identify 
tangential a , normal na  and complete a  acceleration of points on the 
circumference of the disc for a moment of time 10st  .  
 Solution: 
Full acceleration a is determined by the formula 
2 2 .na a a                                                         (1) 
Normal na  of the acceleration 
2 ,n Ra                                                                                         (2) 
tangential a  of the acceleration 
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.Ra                                                                                             (3) 
Determine the angular velocity by taking the first derivative from the angular 
displacement by time 
2 .3B Ct                                                                           (4) 
Determine the angular acceleration by taking the first derivative from the 
angular velocity by the time 
6Ct                                                                                       (5) 
Substitute the formula (4) in (2) and (5) in (3) and we obtain 
2 2) ;( 3 1,2n m sB Ct Ra     
2168,2 .6 m sCtRa    
Substituting na  and a  in the equation (1) we obtain 
2 2 2 2(( 3 ) ) (6 ) 168 sB Ct R CtR ma    . 
Questions for self-assesment 
1. What is a material point? 
2. What are the main types of movement of solids? 
3. The scalar product of vectors, drafting of vectors. 
4. Define notions: movement and trajectory. 
5. Acceleration. Tangential, normal. 
6. What is the instantaneous velocity of constant and rotational movements? The 
relationship between them. 
7. What is the constant movement of the body? 
8. The connection between linear and angular velocity. The connection between linear 
and angular acceleration. 
9. Determine the velocity at which the shadow of the moon is moving on the earth's 
surface during a total solar eclipse. 
Reference: 
1. Kucheruk I. M., Horbachuck I.T., Lutsy P.P. General course of physics. Vol. 2. 
Mechanics. Fundamentals of kinematics. §1.1-§1.6.-К.:Technika,1999.  
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2. Syvukhin D.W. General course of physics. Mechanics. Kinematics. §1-§8.- 
М.:Nauka,1979  
3. Irodov I.E. General physics. Mechanics. Fundamentals of kinematics. §1.1-§1.3-
25- М.:FIZMATLIT, 2001.  
4. Savelyev I.W. Course of general physics. Vol. 1. Mechanics. Kinematics. §1-§5-
М.:Nauka,1982. 
Video material recommended for viewing: 
5. https://www.youtube.com/watch?v=bATVcsQ2pts 
6. https://www.youtube.com/watch?v=oioNUtGM0vg 
 
Chapter 2. FUNDAMENTALS OF DYNAMICS 
 
2.1. Newton's First Law 
Dynamics, unlike the kinematics deals with the motion of bodies in 
conjunction with those physical causes which triggered this movement.  
Dynamics is based on three laws formulated by Newton in 1687 who generalized of 
the observations of many scientists. The first law of dynamics - the law of inertia – 
was set by Galileo Galilei in 1638. It states as follows: body (or material point) stays 
at the state of rest or uniform rectilinear motion until there are no actions from other 
bodies. This movement in the absence of the exposure of the external environment is 
called movement by inertia. So Newton's first law is called the law of inertia.  
There are no bodies in nature, that are free from the external 
environment, but this impact can be minimized or compensated. 
As it is known, any movement is worth to be considered only when the reference 
system, relative to which this motion occurs, is stated. The system of reference in 
which Newton's first law is carried out is called inertial. Any reference system that 
moves with constant velocity relatively to the inertial reference system will also be 
inertial. There are many equal inertial systems. 
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The frame of reference which is accelerated is not inertial. As there is no 
existing body, free from the external environment any system can be regarded as 
inertial only nominally. For example, the reference system, associated with the Earth 
due to its rotation around its axis and around the Sun is not inertial. As the Earth 
rotates very slowly, for example, maximum acceleration of points on its surface in the 
case of daily rotation is 0,034 m/s
2
, then in the process of a practical solution to most 
problems, the frame of reference associated with the Earth can be assumed 
approximately inertial.  
The most successful approach to the inertial system is heliocentric reference 
system in which the origin is located in the center of the Sun, and axes are directed to 
three distant stars. If the stars belong to our galaxy, the system may play a role in 
considering inertial motion of objects being small compared with the size of the 
galaxy, such as Solar System or its individual parts. So Newton's first law is one of 
the fundamental laws of nature. It is just on a cosmic scale, and on microcosm as well. 
Next, consider the movement relative to inertial reference systems. 
2.2. Newton's Second Law. Force and mass 
Newton's first law implies that the body changes its state of rest or uniform 
rectilinear motion that is when it accelerates, only when another body exerts a force 
on it. 
A quantitative measure of the actions of one body to another is force F . 
The action of force F  can lead not only to acceleration. In some cases, the 
only result of the force F  can be a deformation of bodies that interact. According to 
this, there are two ways of measuring force: according to the deformation of a body, 
taken as a standard (e.g. springs) and according to acceleration acquired by a body. 
From research, it appears that force F  is a vector quantity. If a body is under 
the effect of several forces 1 2 3, , ,..., nF F F F  simultaneously, then their synergetic effect 
is the same as of some force F , which is equal to the vector sum of: 
1 2 3
1
... .
n
n i
i
F F F F F F

       
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Force F called the resultant of all forces applied to the body. 
To establish the link between force acting on 
a body, and acceleration, which 
it takes we used an experimental setup, shown in 
fig. 2.1. 
A trolley placed on a horizontal plane is moving 
under the influence of thread tension F , which is 
measured by a dynamometer. Measuring force and distance which a trolley passes for 
some time under the influence of this force, the relation between force and 
acceleration is found 
As the experiments showed, different forces provide body with various 
acceleration. At the same time, the relation between force and acceleration is always 
equal to one and the same constant value, that is if force 
1F  gives this body 
acceleration 1a , and force 2F  – acceleration 2a  and, etc., 
1 2
1 2
... .n
n
F F F
const m
a a a
                                                     (2.1) 
It follows that the acceleration with which a body moves is proportional to the 
quantity of acting force: a F , Vectors a  and F  proved to be collinear. The 
physical meaning of constant m becomes clear if in the experiment with the trolley 
we change its load. If we increase the load, m will change. Acceleration caused by the 
same force will decrease and the value of m will increase. Consequently, acceleration 
with which a body moves under the force depends not only on the force but on some 
physical properties of the accelerating body. This property changes with the amount 
of substance that a body contains and it is called inertia. 
The greater the inertia of a body, the less acceleration it receives under constant 
force. The measure of the inertia of a body is the value m, which is called body mass. 
Given that the size a  and F  are vectors, the ratio (2.1) is written as following 
.
F
a
m
                                                           (2.2) 
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Let us find out what will be the result of simultaneous action of independently 
force 
1 2, ,..., nF F F  on a body with mass m. According to the principle of independent 
action of acceleration forces of the body, in this case, it will be equal to the vector 
sum of acceleration which a body would receive if it was under the effect of each 
force separately  
1 2 na a a a    , where 
1
1
F
a
m
 , 22
F
a
m
 , ..., nn
F
a
m
 , 
then 
  11 2
1
n
i
i
n
F
F
a F F F
m m m
     

,                   (2.3) 
where iF F  is a net force applied to the body 
Thus, Newton's second law is formulated as follows: acceleration which 
acquires a body (or material point) is directly proportional to the resultant of all 
forces applied to the body, and inversely proportional to the mass of a body. Ratio 
(2.3) is a mathematical expression of Newton’s second law. 
Rewrite (2.3) as: 
F ma                                                      (2.31) 
or, given that 
dv
a
dt
  
dv
F m
dt
 .                                                 (2.4) 
Equations (2.31) and (2.4) can be written in projections on the coordinate axes: 
;
;
,
x
x x
y
y y
z
z z
dv
F ma m
dt
dv
F ma m
dt
dv
F ma m
dt
 
 
 
                                    
(2.5) 
where , ,x y zF F F are projections of vector F on the coordinate axes x, y, z. 
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From Newton's second law derives the unit of force. The unit of force is such a 
force that is able to give acceleration 21 / .m s to a material point with mass 1 kg. 
This unit is called Newton 21   1  1 / .N kg m s   
2.3. Newton's third law 
Newton's Second Law does not specify the origin of force that affects a body 
motion and it says nothing about the other bodies which exert the force. Meanwhile, 
the results of experiments show that the actions of bodies are always reciprocal. 
Consider, for example, the blow of a hammer against a nail. Not only does a hammer 
affect a nail, a nail, in its turn, affects a hammer, causing velocity sharply reduce to 
zero. Such braking action can be a result of only a powerful force.  
Newton's third law states the fact that force is the result of mutual action of 
objects. This law is formulated as following: forces with which the two material 
points affect each other – equal in magnitude and oppositely directed along the line 
connecting these points, that is, 
12 21
F F  ,                                               (2.6) 
where 12F  is the force acting on the first material point from the second one; and 21F  
is the force with which the first material point affects the 
second point (fig. 2.2) 
Note that this law is about forces, applied to 
different bodies, that is why they cannot be seen as 
forces equilibrating one another. 
To see how two macroscopic bodies interact, they   are nominally divided into 
elementary parts (material points) with masses 1 2 3, ,dm dm dm  and added interaction 
forces throughout their volume are added. 
Newton's third law is quite strictly followed in the case of interaction between 
bodies being in direct contact and those located at some distance from each other, 
provided that these bodies are at rest or they move at a velocity much smaller than the 
velocity of light.  
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Newton's laws are the basic laws of classical mechanics and they have a broad 
sphere of application. The movement of celestial bodies, spacecraft, various 
mechanisms of modern technology, charged particles in weak electric and magnetic 
fields, gas molecules in low pressure and not very low temperatures. 
At the same time, Newton's laws are not applicable to the microcosm and to a 
velocity approaching the velocity of light (v  c). Here work the laws of quantum 
mechanics and mechanics of special theory of relativity. 
2.4. Newton's Second Law in general terms. Momentum 
Newton's formulated the second law of dynamics in more general terms than 
it is done in (2.3) or (2.4). If the mass m is constant, let us introduce it under the sign 
of differential in equation (2.4): 
 
d
F mv
dt
 .                                               (2.7) 
Physical quantity mv , measured by the product of mass of a material point (or 
body) by velocity, is called point momentum (or momentum of a body) 
and is indicated: 
p mv .                                                      (2.8) 
It is one of the most important physical quantities. Momentum is a vector 
quantity and its direction coincides with the direction of velocity. Since velocity v 
depends on the choice of the reference system, then, considering the momentum, it is 
necessary to define reference system itself. 
Momentum unit in SI is  / .kg m s  
Using the concept of momentum, Newton's second law is written as following: 
dp
F
dt
 ,                                                         (2.9) 
that is a derivative of point momentum in time is a resultant of all forces applied to it. 
Equation (2.9) can be written as following 
Fdt dp                                                     (2.10) 
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Vectors Fdt  is called momentum force. From formula (2.10) it follows that the 
change of point the momentum (the body) depends not only on active force, but also 
on the time during which it operates. 
Proposed by Newton fundamental law of dynamics wording (2.9) is the most 
universal. If mass is constant, the records of Newton’s second law (2.9) and (2.4) are 
equivalent. 
Newton's Second Law general formulation (2.9) is justified if the velocity 
approaches the light velocity vc (relativistic mechanics) when the momentum will 
be the value  
                                                           
2 21 v c
mv
p 

.                                                   (2.11) 
Expression (2.11) takes the form p mv  when 
2 2;  1v c v c  . Constant 
value of m in (2.11) is called the "rest mass" 
2.5. Law of momentum conservation  
General idea of Newton's second law expressed in (2.9) implies that when the 
material point is not affected by force, or a resultant of all forces is zero 0F  , then
0
dp
dt
 , that is in this case the momentum of a point stays constant .p const  
Let us write Newton's second law
dp
F
dt
  in projections on the coordinate axis  
;
;
.
x
x
y
y
z
z
dp
F
dt
dp
F
dt
dp
F
dt



 
If the force exerted is equal to zero ( 0F  ) that is 0x y zF F F   , then 
0; 0; 0.
yx z
dpdp dp
dt dt dt
    
From this, we get the following , ,x y zp const p const p const    that is all 
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momentum components p  on the coordinate axis retain their values and p const . 
But it may happen that force F  will have only one component that is not equal 
to zero, for example when F  is directed along the x-axis, then , 0x y zF F F F    
in this occasion 
; 0; 0.
yx z
dpdp dp
F
dt dt dt
    
This means that the change happens only with the component of momentum 
along the axis on which the force is exerted, and momentum components along the 
other axes stay the same. For example, the momentum of the body that falls freely, 
cannot be retained because the body is under the effect of the force of gravity. Under 
the influence of this force vertical component of momentum is continuously 
changing. At the same time, the horizontal component of momentum in case of 
gravity remains constant.  
Now, let us consider a system of material points. Suppose that every material 
point is under the effect of both internal and external forces. 
Internal forces are forces of interaction between material points of a system, 
and external forces are forces of interaction between points of a system and bodies 
which are not part of it. 
Let us also assume that the system consists of three material points with masses 
1 2 3,m m and m  (fig. 2.3). External forces will be 
denoted iF  and internal ones ikf . Under the 
influence of these forces, the momentum of 
every material point changes. Let us consider the  
motion of the system relative to some inertial 
reference system.  
According to Newton's second law: 
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2
21 22 2
3
31 32 3
1
12 13 1;
;
,
dp
f f F
dt
dp
f f F
dt
dp
f f F
dt
  
  
  
                                 (2.14) 
where 1 2 3, ,p p p  momentum of the point with mass 1 2 3,m m and m  respectively. 
Adding these equations and taking into account that the sum derives from the 
momentums is equal to the derivative of their sum, we get  
 1 2 3 12 13 21 23 31 32 1 2 3p p p f f f f f f F F F
d
dt
           .   (2.15) 
According to Newton's third law 12 21 13 31,f f f f     and 32 23f f   Therefore, 
in formula (2.I5) the sum of all internal forces is equal to zero. Thus, from (2.15) we 
get 
 1 2 3 1 2 3
d
p p p F F F
dt
     .                 (2.16) 
If the system consists of n material points, then generalizing (2.16) pull out 
 1 2 1 2
1
n
n n i
i
d
p p p F F F F
dt 
        .              (2.161) 
Vector sum of all material points’ momentums of a system is called system 
momentum: 
1 2
1
n
n i
i
p p p p p

     .           (2.17) 
Hence (2.161) can be written as: 
1
n
i
i
dp
F
dt 
 .                                              (2.18) 
Thus, the momentum of a system of material points changes only under 
external forces. Under the influence of internal forces, changes happen to individual 
momentums of material points of the system, but they do not affect the momentum of 
the system .For example, gas molecules are influenced by vessel walls, in which they 
are enclosed. 
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These are external forces. Since the walls exert force all around equally, the 
average value of the momentum of all molecules, that is the momentum of a system, 
remains unchanged. 
Equation (2.I8) can be written through the projections on the coordinate axis: 
1
1
1
;
;
.
n
x
ix
i
n
y
iy
i
n
z
iz
i
dp
F
dt
dp
F
dt
dp
F
dt









                                            (2.19 
Let us assume that the vector sum of all external forces sF  is equal to zero: 
0
i
F  . 
This means that external forces do not affect the system, or their action is 
compensated. Such system is called closed or isolated. Then equation (2.18) takes the 
form  
0
dP
dt
 ,                                                   (2.20) 
where 
P const .                                                  (2.21) 
Thus, the momentum of a closed system is a constant value. This statement is 
called the law of conservation of momentum. The system can be an open but for 
some directions the law of conservation of momentum can be true. If, for example 
0ixF   but 0iy izF F   , then, as it derives from (2.19), 
,y zP const P const   and xP const  that is, unchanged are the components of the 
momentum of those directions along which vectors sum of external forces equals 
zero. 
The law of momentum conservation is universal and is implemented in the case 
of all known interactions. Not only physical bodies but fields as well may have 
momentum. So, for example, light pressure is nothing more than the example of 
electromagnetic field momentum. 
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2.6. Centre of mass of material points system and its properties 
Section 2.5 deals with the motion of material points relative to the arbitrarily 
chosen inertial frame of reference. For different reference systems constant in the 
equation (2.21) (P const ) will be different. In particular, we can select a system of 
reference in which this constant will be equal to zero. 
The origin of coordinates of such a system coincides with the position of some 
specific point of the system, called the center of mass. Consider the momentum of a 
system, which consists of n material points: 
1
n
i i
i
p mv

 . 
If ir  – radius-vector that determines the position of any material point 
of the system, then the velocity of its material point i
i
dr
v
dt
 . 
Тhen the momentum of the system: 
1 1 1
n n n
i
i i i i i
i i i
dr d
p mv m mr
dt dt  
     .             (2.22) 
The mass of the whole system 1 2 nM m m m    . 
Taking into account, that M const , the right part of the formula (2.22) is 
multiplied and divided by M. 
i im rd
p M
dt M
 
  
 
 

                                (2.23) 
Formula under the sign of differential is vector that is measured in units of 
length. Let us mark it R . Then:  
2 2i i i i n n
mr m r m r m r
R
M M
  
 

.          (2.24) 
This vector determines the position of some imaginary point that is called the 
center of mass of material points. 
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From (2.24) we can receive the formula for calculation of the coordinates X, Y, 
Z of the center of mass 
; ;
i i i i i im x m y m z
X Y Z
M M M
  
  
.    (2.25) 
For example, consider a specific case of the 
system that consists of two points with mass m1 
and m2 respectively (fig. 2.4). The center of mass 
of the system of two material points A and B is 
point C on a segment AB that lies on the distances 
l1 and l2 from A and B. Taking into account that 
1 1
2 2
l m
l m
                                                     (2.26) 
and knowing the position of A and B (namely, radius vectors 1r  and 2r ) we can 
determine radius vector of the center of mass C.  
From fig. 2.4 it follows that  
1 1
2 2
;
,
R r l
R r l
 
 
                                               (2.27) 
where 1l  and 2l  are vectors drawn from point A and B to the center of mass.  
Multiply (2.27) by 1m  and 2m , respectively, and add: 
1 2 1 1 1 1 2 2 2 2mR m R mr ml m r m l     . 
Though from (2.26) and (fig. 2.4) follows that 1 1 2 2ml m l  . It follows from 
this  1 2 1 1 2 2m m R mr m r   , that is: 
1 1 2
1 2
m r m r
R
m m



.                                      (2.28) 
Generalized formula (2.28), in case the system has n points, leads to the 
formula (2.24). Write down the formula (2.23) for the total momentum of a system, 
using the radius-vector of the center of mass: 
dR
p M
dt
 ,                                           (2.29) 
where c
dR
dt
v  is the velocity of the center of mass of  the whole system. 
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Then formula (2.29) can be written down as:  
cp Mv ,                                                   (2.30) 
that is, the momentum of the system of material points will be equal to the 
momentum that would have the center of mass when it would concentrate all mass of 
the system, or momentum of the system is equal to the momentum of the center of 
mass.  
Since the momentum for closed system is constant, that is
1 2 n cp p p p M constv     , the center of mass of closed system moves 
uniformly: 𝑣𝑐 = 𝑐𝑜𝑛𝑠𝑡. Consequently, the center of mass is sometimes called the 
center of inertia. 
If the origin of coordinates of inertial frame of reference, relative to which the 
motion is considered, is located in the center of mass, then: 0R   and 0cv  , so 
1 2 0np p p p     . 
The center of mass in this frame of reference is in state of rest despite any 
changes inside the system and the momentum of the system is equal to zero. 
For example, if the center of mass of the system consisting of a cannon and a 
shell is in the state of rest before the shot, relative to the Earth, then the center of 
mass will be stationary even after shot. The shell and cannon receive the same 
momentums, aimed at opposite directions. 
Returning to equation (2.18), let us express the total momentum of the system 
through the momentum of the center of mass: 
 
1
n
i
i
c
dp d
M F
dt dt
v

  .                               (2.31) 
If we mark acceleration of the center of mass as ca  then c
cd
dt
a
v
 . Then 
formula (2.31) will be the following: 
1
n
c i
i
Ma F

 .                                               (2.32) 
Consequently, if the external forces will affect the system, the center of mass 
will move as if the vector sum of all external forces affect the total mass, 
concentrated at the center of mass of the system. 
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The motion of the center of mass can be changed only by external forces. If 
1
0
n
i
i
F

 , then the center of mass will move uniformly (or be in the state of rest). 
Thus, considering the translational motion of any system of material points, it 
is sufficient just to observe the movement of its center of mass. For many tasks, it is 
enough to know how the center of mass of the system is moving.  
2.7 Motion of the system with variable mass 
In nature and technology we often meet such bodies or systems of bodies mass 
of which changes in the course of motion, for instance, different classes of reactive 
missiles, shells, ice floe which floats and melts, the spindle from which the thread is 
wound, etc. A system, mass of which is constantly changing as a result of accession 
or separation from her separate bodies, is called system with variable mass. 
Consider a body of mass M (fig. 2.5). 
Suppose that body M in the moment of 
time t has the velocity v  and body dM – 
velocity u . Momentum of the system of 
two bodies before their collision at the moment of time t  
 p t Mv dMu  . 
As a result of inelastic collision the mass M increases and in the moment t dt
is equal to M dM  and velocity is v dv . Momentum of the system at the moment 
of time t dt  
  ( )( )p t dt M dM v dv    . 
Thus, the change of momentum is written in the form: 
( )( ) ( )dp M dM v dv Mv dMu                     (2.33) 
Neglecting the value dmdv  of the highest order of smallness dmdv dMV  
formula (2.23) can be written down as: 
( )dp Mdv dM v u   .                               (2.34) 
According to the second Newton’s law: 
dp Fdt ,                                                  (2.35) 
where F  is a total of an external force, that affects the system. 
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Thus, from (2.34) and (2.35) we get: 
( )M dM Fdv v u dt   
or 
( )
dv dM
M F v
dt dt
u   .                                  (2.36) 
From the addition formula of velocities of classical (Newton’s) mechanics 
relatu v v   follows that relatu v v  , where relatv  is the velocity of a body with 
mass dM relative to a body M. 
Then the formula (2.36) takes the form: 
relat
dv dM
M F v
dt dt
  .                          (2.37) 
Formula (2.37) is the equation of motion of a system with variable mass; it is 
called variable mass system. The first item on the right side of the equation (2.37) F
describes the total external force that acts on the system (in the case of the rocket it is 
advisable to include gravity, air resistance force.) The second item on the right side of 
(2.37) relat
dM
v
dt
has the dimension of the force, and therefore it can be interpreted as 
the force that occurs as a result of changes in body mass M. It is called reactive 
power. 
Consider the solution of variable mass system (2.37) regarding the movement of 
the rocket, which is not under the effect of external forces ( 0F  ). Take 
relat
v  as the 
relative velocity of particles that separates and it is constant in magnitude and 
direction, at this, 
relat
v  is opposite to the initial velocity 
vector v  (fig. 2.6). 
Formula (2.37) gets the form: 
relat
dv dM
M
dt dt
v .                                    (2.38) 
Project the equation (2.38) on the vertical axis y: 
relat
dv dM
M
dt dt
v                                     (2.39) 
Integrate (2.39) 
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00
м
м
v
v
relat
dM
M
dv v   .                                (2.40) 
0
0 lnrelat
M
M
v v v  ,                                (2.41) 
where M – mass of the rocket at the time when the velocity gains value v, M0 – initial 
mass of a rocket, which is loaded with fuel, and mass of the body of a rocket with all 
its equipment. 
Formula (2.41) was received by Tsiolkovsky in 1903, and it was named in his 
honor. From this, it follows that the velocity v, which in the rocket acquires in the 
absence of external forces is directly proportional to 
relat
v  (relative to the velocity of 
particles that separate) and to the natural logarithm of the ratio of primary and the 
final mass of the rocket. 
The velocity v does not depend on the law under which a rocket changes its 
mass: it is important to know only the initial and final values of the mass.  
Let us take in the formula (2.41) 0 0v  , ie, the initial velocity of the rocket 
equals to zero. Suppose, for example, that you must give the rocket escape velocity in 
order that it starts to move around the Earth in a circle. This velocity is 8v km s . 
Also assume that the rate of jet gas outpour is 1relat km sv  , then from (2.41) it 
follows that 0 2980
M
M
 , ie, the initial mass of the rocket exceeds the final in 2980 
times. Almost all the entire mass of the rocket should belong to the mass of fuel. 
Increasing 
relat
v , for example, to 4km/s we get 0 7,39M
M
 . That means, if we 
increase the velocity of the gas outpour, it will be possible to increase the useful mass 
of the rocket.  
The idea of achieving escape (cosmic) velocities with rockets for the first time 
was formulated by Tsiolkovsky. He suggested the use of so-called multistage rockets. 
First, the engines of the first stage are running. When the fuel of this stage is 
completely burned, it is separated from the main body and at this moment the engines 
of the second stage will start to work, etc. 
Problem solution samples 
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fig. 3 
 
Problem№ 2.1 On the inclined plane tilting angle of which is  , that moves to 
the right frictionless with acceleration a, there is a 
bar with mass m (fig.3). The bar is moving relative 
to the inclined plane with acceleration a , and the 
friction coefficient is k. Determine the acceleration 
a  of the bar relative to the surface and the 
pressure of the bar on the surface. 
Solution: 
Absolute acceleration of the bar is the vector sum of its relative acceleration 
a , and acceleration of translation a , which is equal to the acceleration of the 
inclined plane. Let us write the vector equation: 
fr ma maP Q F    . 
Develop on the direction Q  and a : 
cos sinmg Q ma    ; 
sin coskQ mg ma ma      . 
From these two equations we solve: 
( sin cos )presF Q m a g    ; 
( sin cos ) ( sin cos )a k a g g a         . 
Questions for self-assesment 
1. Inertial frame of reference 
2. Newton’s first law 
3. Newton’s second law. Body motion equation. 
4. Newton’s third law. Explanation. 
5. Practical application of Newton’s laws. 
6. Centre of mass 
7. Motion of body with variable mass 
8. What are work and power? 
Reference: 
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Chapter 3. WORK AND POWER 
 
3.1. Work and power 
Assume that a material point under constant force F  for an indefinitely small 
time interval dt  is moved for a distance dr  (fig. 3.1). The scalar product of the force 
vector in the displacement vector is called the elementary workforce F : 
cosA Fdr Fdr   ,                                       (3.1) 
where 𝛼 is the angle between the vectors F  and dr . If an angle is 90    then work 
that occurs during the motion of the point is positive. 
If the angle is 90    when the force is 
perpendicular to the displacement then cos90 0   and 
the work is not performed. If the angle is 90    then 
cos 0   the work will be negative. 
fig. 3.1 
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Write the vectors F  and dr  through the projections on the coordinate axis: 
x y zF iF jF kF   ; dr idx jdy kdz   , 
where , ,y zx F FF  are projections of the vector F  on the coordinate axis; x, y, z are 
coordinates of the point at which the force F  is applied .  
Then the formula (3.1) for the elementary work looks as following: 
x y zA F dx F dy F dz    .                                   (3.2) 
To find the work A of the force F  in case of a finite displacement from point 1 
to point 2, conditionally divide it into infinitesimal displacements dr , force in each 
of which can be considered constant, and the elementary work iA  is defined with 
(3.1). Then work of force in case of displacement from point 1 to point 2 is 
2
1 1
lim
n
i
n
i
A A Fdr


   .                                (3.3) 
Taking into account the relation (3.2), the expression for work can be written as 
following: 
2 2 2
1 1 1
x y zA F dx F dy F dz     .                        (3.4) 
Thus, the work of a variable force at the final displacement AB is determined 
by a curvilinear integral along the trajectory. 
The unit of work in SI is the joule, which is, according to (3.1), work of 1H 
force done for 1m distance: 1 1 1Jl Н m  . 
In some cases, it is important to know not only work but also the time during 
which work is done. Work that is done per a unit of time is called power: 
dA Fdr
N Fv
dt dt
   .                                    (3.5) 
Power is equal to the scalar product of vectors of force and velocity. 
Formula (3.5) can be written in terms of the projections on the coordinate axis: 
x x y y z zN F v F v F v   . 
From formula (3.5) follows that the power can be increased by increasing both 
force and velocity. 
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If power is given as a function of time, work can be determined for a period of 
time from 1t  to 2t . From (3.5) if follows that: 
2
1t
t
A Ndt  . 
SI unit of power is Watt: 1W is the power with which work of 1J is performed 
for 1s.  
3.2. The kinetic energy 
Suppose that in the case of a material point movement from position 1 to 
position 2 by force F  its velocity changes from 1v  to 2v . The motion of material 
point is described by Newton's second law: 
dp
F
dt
 .                                                   (3.6) 
Both parts of the equation (3.6) we multiply by a scalar vector of motion dr : 
dp
Fdr dr mvdv
dt
  .                                         (3.7) 
As Fdr A then formula (3.7) takes the form: 
A mvdv  .                                                    (3.8) 
Next, consider that vdv vdv . This is the consequence of obvious equality of
2 2v v . Actually 2 2cos0v v v vv v    . Differentiating the last ratio, we get 
2 2v dv vdv . 
So, 
v dv vdv .                                                 (3.9) 
It is important to emphasize that this formula is true not only for the velocity 
vector v , but for any other vectors as well, e.g. r dr rdr . 
Taking it into account, formula (3.8) has the following form: 
2
2
mv
A mvdv d
 
 
 
 
  , 
2
2
mv
dA
 
  
 
 .                                                  (3.10) 
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Integrating (3.10) along the trajectory of a material point from position 1 to 
position 2, in which velocity receives values of 1v  and 2v , we get: 
2 2 2 22
2 1
1 1
2 2 2
mv mvmv
A A d
 
  
 
      
or 
2 2
2 1
2 2
mv mv
A  .                                         (3.11) 
Thus, the work of force, in case of the material point motion, is equal to the 
change of some magnitude. So, quantity 
2
2
mv  can characterize body's ability to do 
the work. Physical quantity that describes the ability of body or system of bodies to 
carry out work is called energy. Energy which body has during the motion with 
velocity v is called the kinetic and is denoted as KE  
2
2K
mv
E  .                                                (3.12) 
If the kinetic energy of a point in the final state is denoted as 
2
2
2
2K
mv
E   and in 
initial 
1
2
1
2K
mv
E  the ratio (3.11) can be rewritten as:  
2 1K K
A E E  .                                            (3.13) 
So, the workforce during the movement of a material point is equal to the 
change of the kinetic energy of this point. If work is positive then 
2 1K K
E E  ie, 
kinetic energy increases. If work is negative (effect of force is directed against the 
direction of movement and inhibits it), the kinetic energy is reduced:  
2 1K K
E E . 
It is important to emphasize that we are talking about the resultant of all forces, 
applied to the point. This follows directly from the fact that the ratio (3.13) obtained 
from the equation of Newton's second law (3.6), by which force F  is the resultant of 
all forces. Relation (3.13) is called Theorem of kinetic energy. 
The result (3.13) can be generalized to an arbitrary system of n material points. 
Kinetic energy of a system is the sum of kinetic energies of material points that 
make up the system: 
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2
1 1
,
2
i
n n
i
K Ki
i i
mv
E E
 
    
where KiE  is the kinetic energy of a material point i; , iim v is mass and velocity of i 
point of a system.  
Change of kinetic energy of a system is equal to algebraic sum of forces work 
operating for this system: external iF  and internal ikf . 
According to (3.13) 
ext
K
intdE A A   . 
For example, if the system consists of n material points, then 
1 ,
i
т
ext
i iK ik
ш i k
i k
dE F dr f dr


   , 
where ir  is radius-vector of i point. 
If the system is not deformed, that is, the distance between material points 
doesn't change, then  
0extA  ; extKE A  ,                                    (3.14) 
that is, the change of kinetic energy of such system is defined by the work of external 
forces. 
We will notify that kinetic energy depends on the choice of a frame of 
reference as velocity is a relative value. For example, the kinetic energy of the 
moving car is different for the observer standing on a roadside and for the observer 
sitting in the train which goes parallel to the car. 
3.3. Potential Energy 
In cases considered above the work of force F  applied to the material point 
was spent on the change of its kinetic energy. At the same time there are cases when 
kinetic energy doesn't change during the performance of work. Let’s assume that a 
spring which mass can be neglected is fixed to a wall at one end. We will choose the 
coordinate system so that the end of upstretched spring was at a point X = 0 (fig. 3.2). 
The spring will be stretched by applying some external force F  to its second end. 
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Apart from the force F  the spring 
will be affected by the elastic force which by 
its elasticity follows Hooke's law:  
el
F kx
 
where k – elastic coefficient of a spring.  
At the beginning of observation ( 0t t ) the velocity of the end of a spring is 
equal to v , and its position is defined by the coordinate 1x . In the course of spring 
stretching from 1x  to 2x  the external force F  will be increasing so that elF F  . 
During such displacement the velocity of spring particles remains constant and 
kinetic energy also doesn't change. 
Work performed by the external force F  in case of infinitesimal displacement 
dx  will be defined as: A Fdx  . Then work which is performed during the spring 
stretching from 1x  to 2x , is: 
2
1
x
x
A Fdx  . 
As 
elF F kx  , then 
2 2
1 1
2 2
2 1
2 2
x x
x x
kx kx
A kxdx kxdx     .                      (3.15) 
So, work of force turned to be equal to the variable of some value 
2
2
kx
, which 
depends on the system (spring) state. We mark 
2
1
1
2
kx
U ; 
2
2
2
2
kx
U . Then (3.15) can 
be written as  
2 1
A U U  .                                            (3.16) 
Just as 2 1x x , so 2 1U U ; 2 1 0,U U U     0U  , that is, work of external 
force leads to the increasing of the value 
2
2
kx
U  . 
Now we will consider work of elastic force which is the internal force of the 
system. 
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We will assume that the spring was released at a point 2x . In case of 
displacement from 2x  to 1x  the elastic force coincides with the direction x therefore
elF kx . 
Then 
1 1
2 2
1
2
1 2
2 2
1 2
2 2
x x
x x
x
elx
U U U
kx kx
kxdx kxdxA F dx         .      (3.17) 
Just as 21 xx  , so 1 2U U . Thus, work of elastic forces leads to decreasing of 
value 
2
2
kx . It is possible to say that with the help of U work is performed by the 
elastic force. Thus, in this case, the value 
2
2
kx  characterizes the ability of a system 
to perform work. So, the value U, as well as KE can be called energy. Unlike the 
kinetic energy this energy depends not on the motion velocity, but on a relative 
positioning of spring particles. This type of energy has received the name of potential 
energy. 
Thus, the work of elastic forces (internal force of a system) leads to decrease 
of potential energy of a system. Potential energy depends also on a relative 
positioning of the interacting objects of a system. We will assume that some force F  
replaces an object with mass m vertically upwards near the surface of the Earth. From 
the Earth an object is affected by the gravity force P mg  (fig. 3.3). We will direct 
an axis z vertically upwards. In case of displacement from the position 1z  to 2z  the 
external force F P  . Then work of external force of F  
 2
1
2 2
1 1
2
1
2 1 2 1
cos .
z
z
z z
z z
z
z
P dzPdz mgdz mg z z mgz mgzA Fdr         
 (3.18) 
Thus, in this case, work will be defined by the 
variable of some value ,mgz which depends on the 
position of an object relative to the Earth. Moreover, 
since 2 1z z , the work of external force F  will lead 
to the increasing of the value mgz : 0A . 
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Now we will assume that at height 2z  force F  has stopped to work and the 
object is falling under the influence of attractive forces. We will calculate the work of 
attractive force which is internal for the system which includes the object and the 
Earth: 
1 1
2 2
1 2cos
z z
z z
A Pdz P dz mgz mgz     .                 (3.19) 
As far as 
1 2
z z , the value mgz  decreases during the work performance of 
attractive force. Thus, the attractive force performs work by means of the value mgz . 
Therefore the value mgz  characterizes the ability of force to perform work and it can 
be called potential energy: 
U mgz                                                         (3.20). 
Then the formula (3.19) can be rewritten as following: 
1 21 2
0U U UA mgz mgz      ,                   (3.21) 
So, the work of internal force increases the potential energy of a system. And 
work of attractive force leads to the decrease of potential energy. 
The ratio (3.19) won't be disrupted if we assume that 
1 1 ,U mgz C   
2 2 ,U mgz C   
where C is the arbitrary constant, which has the dimensional energy. As 1z  and 2z  
can take any values, the potential energy of an object in the field of gravity at any 
height is equal to: 
U mgz C  .                                              (3.22) 
Similar estimations are also true for relatively potential energy of a deformed 
spring: 
2
2
kx
U C  . 
It means that potential energy can be precisely defined only to some constant 
C. Incertitude of a numerical value of potential energy is connected with the fact that 
ratios (3.19) and (3.17) define only the difference of potential energies in two 
positions, but don't specify the position in which it is equal to zero. Then the choice 
of a reference point of potential energy turned to be arbitrary. If we measure out 
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potential energy from the Earth level, and we will assume that when 0z   and 
 0 0U  , arbitrary constant in the ratio (3.22) will turn into zero. Then the general 
formula for potential energy in the field of attractive force is: U mgz . 
Potential energy can be both positive, and negative (for the levels located 
below zero). Do not forget that kinetic energy is always positive. Thus, we can draw 
a conclusion that we can't know the exact value of potential energy. As it has been 
shown, it is equally true for kinetic energy which is also a relative value. The great 
English physicist James Maxwell characterized this state as following: “We have to 
consider the energy of objects system as the value concerning which we can 
determine whether it is increasing or decreasing in the case of transition of systems 
from one position into another. The absolute value of energy under standard 
conditions is unknown to us, and it doesn't matter because all phenomena are defined 
by energy changes, but not by its absolute value.” 
3.4. Conservative and Non-conservative Forces 
Forces existing in nature are divided into conservative and non-conservative. 
Forces which work does not depend on a trajectory, but which are defined only by the 
initial and final position of an object in space are called conservative.  Here belong 
attractive forces, elastic force and electrostatic forces of interaction of charged 
bodies. The peculiar feature of conservative forces is that the work of these forces in 
the closed loop is equal to zero. In fact, if we assume that in expressions (3.17) and 
(3.19) work is being performed in the closed trajectory, that is, if 2 1x x  or 2 1z z
the work is equal to zero, that is 
0consA F dr  .                                         (3.23) 
Central forces  F r  also belong to the conservative forces. Forces  F r are 
called central if they are directed to one point (or from this point) and depend only on 
distance to this point. To these forces belong forces of electrostatic and gravitational 
interactions. 
The material point which is in the field of the Earth’s attraction is affected by 
gravitational forces, which are defined by Newton's law of universal gravitation: 
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2
mM r
F
rr
                                                   (3.24) 
where M is a mass of the Earth; 
r
r
 is a unit vector, radial from the center of the Earth 
(coordinate origin O is in the center of the Earth) 
(fig 3.4). 
In case of replacement from the position 1 to 
position 2 (fig. 3.4), the work that is performed by 
attractive force can be written as: 
2 2
21 1
rdl
A Fdl mM
rr
    ,            (3.25) 
where dl  is a vector of infinitesimal 
displacement. 
Let us transform a dot product under integral cosr dl r dl  . As cosdl  is a 
projection of replacement into the direction along the radius cosdr dl  . Then, V:
rdl rdr . So, we will transform integral (3.25) into expression  
2
1
2
2 1
1 1r
r
dr
A mM mM
r rr
 
 
 
 
 
    
or 
2 1
mM mM
A
r r
   .                                         (3.26) 
Thus, the work of gravitation forces does not depend on a trajectory 
configuration, and it is defined only by the position of initial and final points of 
displacement. Work of gravitational force behind the closed loop 2 1r r  is equal to 
zero. In such a way, gravitational force is conservative. 
As it has been determined in (3.17) and (3.21), the work of conservative forces 
of a system is equal to a decrease of potential energy, that is 
 2 1A U U U   .                                    (3.27) 
Having compared the expressions (3.26) and (23.27), we will get 
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 2 1
2 1
mM mM
A U U
r r
      .                        (3.28) 
From this it follows that: 
2
2
;
mM
U
r
  
1
1
mM
U
r
  . 
Thus, gravitational potential energy at any distance from the center of the Earth 
can be written down as: 
 
mM
U r C
r
   ,                               (3.29) 
where C is arbitrary constant. We will assume that when r , then 0U  . And 
then potential energy of gravitational interaction from (3.29) follows that the constant 
0С   
 
mM
U r
r
  .                                      (3.29 1) 
When the body approaches the Earth its negative 
potential energy decreases (fig. 3.5).  
We will introduce the notion of a force field 
which is understood as the area of space in each point 
of which every particle is affected by the force which 
naturally changes from point to point (for example, the attractive forces or the field of 
resistance forces in a liquid stream). If the force in each point of force field does not 
depend on time, such field is called stationary. In a stationary force field the force 
depends only on the position of a particle  F F r . 
Generalizing the properties of forces which were considered, we will introduce 
the notion of a potential force field. Stationary force field is called potential if the 
work of forces of the field, applied to a material point, does not depend on its 
trajectory, but it is a single-valued function of coordinates of its initial and final 
position. Forces operating in the stationary field are called conservative. 
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If work depends not only on the position of initial and final points but also on 
the form of a trajectory or velocity, the value U becomes uncertain in each point of 
the field. 
Forces operating in the non-potential field are called non-conservative. First of 
all, here belong so-called dissipative forces (that is frictional forces, which appear in 
case of sliding of one body on a surface of another; resistance forces, which a body 
undergoes when moves in liquid or gaseous medium). These forces can depend on 
the relative velocity of bodies, which are moving and can be directed against the 
movement direction. Therefore the work of frictional forces is always negative. To 
non-conservative forces also belong gyroscopic forces. These forces depend on the 
movement velocity of a body and are directed perpendicularly to this velocity. The 
work of these forces is always equal to zero. The examples of such forces are the 
Lorentz force and Coriolis force in a non-inertial frame of reference. 
3.5. The connection of conservative force with potential energy 
In a potential force field, as it has been determined in (3.17), (3.22) and (3.28), 
the work of conservative forces is connected with reduction of potential energy: 
A U  . This ratio for infinitesimal displacement of a material point dr  can be 
written down as: 
A dU  ,                                              (3.30) 
where A Fdr   is elementary work of conservative force; dU is an augmentation 
of  potential energy of a material point which is a total differential of the function 
 , ,U U x y z . 
The total differential of some function is considered as its augmentation which 
is defined by an augmentation of all variables on which it depends. For example, if 
some function  ,Ф Ф x y  is given, its total differential is equal to: 
   , ,Ф x y Ф x y
dФ dx dy
x y
 
 
 
. 
Total differential of any function is characterized by such property: the integral 
in the closed loop from total differential is equal to zero, that is 
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   
2 1
1
1 1 0dФ dФ Ф Ф

     . 
As it is known from the previous consideration, the potential energy 
 , ,U U x y z  also possesses such properties: 0dU  . 
Thus, we can write down 
U U U
dU dx dy dz
x y z
  
  
  
.                         (3.31) 
Derivatives 
U
x


, 
U
Y


 and 
U
z


 are partial. Calculating them we consider that 
all other arguments of the function are constants. For example, defining 
U
x


 we 
consider y  and z  as constants. 
The ratio (3.30) can be written through the vector projection of force on an axis 
of reference: 
x y z
U U U
F dx F dy F dz dx dy dz
x y z
 
 
 
  
     
  
. 
Comparing the coefficients dx , dy , dz  we have  
x
U
F
x



;  y
U
F
y



;  z
U
F
z



.                     (3.32) 
Just as x y zF iF jF kF   , so 
U U U
F i j k
x y Z
 
 
 
  
   
  
.                                (3.33) 
In the right side of expression (3.33) it is written some vector with components
U
x


, 
U
z


, 
U
y


. This vector is called gradient of scalar function of coordinates 
 , ,U U x y z  and it is denoted as gradU  or U : 
U U U
gradU U i j k
x y Z
  
   
  
. 
The symbol   is called the operator “nabla”. 
Thus, the expression (3.33) we will rewrite as 
F gradU U  ,                                              (3.34) 
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This ratio expresses the dependence between the conservative force and 
potential energy. The sign “–” denotes that the conservative force F  is directed 
towards the reduction of potential energy. 
The notion of the gradient is widely used in various branches of physics. It is 
possible to consider gradient not only of the functions U, but also of any other scalar 
function. Ratio (3.34) allows us to define  F r  if function  U r  is known. For 
example, if potential energy of a material point in some field 
 ,U x y xy , 
where   is some constant, so 
 U UF i j yi xj
x y

 
 
 
 
    
 
. 
Let us consider a case when the potential energy of  U r a r  , where a  is a 
stable vector; r  is a radius vector of the field point. Function U will be written down 
as x y zU a x a y a z   . Thus,  
x y z
U U U
F i j k ia ja ka a
x y Z
   
       
  
      
  
. 
3.6. The law of conservation of total mechanical energy of a material 
point 
Total mechanical energy E of a material point denotes the amount of kinetic 
energy of mechanical motion KE   and potential energy of interaction U: 
KE E U  .                                                 (3.35) 
Assume that apart from the potential field of force, some non-conservative 
force such as friction acts on a material point. Suppose that a material point moves 
from position 1 to position 2. Moreover, its velocity changes from value 1v  in the 
first position to value 2v  in the second. So, let us define how its total mechanical 
energy will change. In case of infinitesimal displacement of dr  increment of kinetic 
energy, as it follows from (3.10), is equal to the elementary work of all forces acting 
on the material point, i.e.: 
cons ncons
K
dE A A   .                           (3.36) 
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Taking into account that work of conservative forces consA dU   we get 
ncons
KdE dU A   or ( )
ncons
Kd E U A  . Since KE U E  , the expression 
(3.36) can be written as: 
nconsdE A .                                             (3.37) 
Now integrate (3.37), assuming that in the initial position the total mechanical 
energy of a material point is equal to 1E , and in the final position 2E : 
2 1
nconsE E A  . 
Thus, the change of the total mechanical energy is determined by the work of 
non-conservative forces. If non-conservative forces perform positive work, i.e. 
0nconsA  , then 2 1E E  and total mechanical energy of a material point increases. 
If cons 0nA  , then 2 1E E  and total mechanical energy decreases. For example, 
during an object movement, the work of friction forces will be negative. The kinetic 
energy and the total mechanical energy of the object decrease. The conversion of 
mechanical energy into other forms of energy is going on, for example, into the 
energy of thermal motion of molecules.  
If the work of non-conservative forces equals zero ( 0nconsA  ), then 
2 1 0E E   or 2 1E E . It follows that    1 2К КE U E U   . 
Thus, the total mechanical energy of a material point in the field of 
conservative forces is a constant for any movement of a point. This position is called 
the law of conservation of total mechanical energy. Certain components of total 
mechanical energy such as kinetic or potential energy may change, but in such a way 
that their sum remains constant. 
Let us consider an object with mass m that falls freely without initial velocity 
from height h near the Earth’s surface. Its total energy at the highest point 
1E U mgh  , and at the lowest 
2
2
2
К
mv
E E  . Since 2 2v gh , then 
2
2
2
К
mv
E E mgh   . Thus, 1 2E E . In any intermediate point C at height Ch , 
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where the velocity of a material point is equal to Cv , the total mechanical energy 
2
2
C C
mv
E mgh  . Assuming that  2 2C Cv g h h  , we get  
1 2CE mgh E E   . 
From the law of conservation of energy, we can define the condition of 
equilibrium of the object. Let us assume that a material point moves in a force field 
axially x (fig. 3.6). Then its potential energy 
 U U x . Let the total energy of the material 
point be  KE E U x  . The material point can 
move only in those areas where the total 
mechanical energy E U , i.e. in the interval 
1 2x x  and 3 .x   Interval 2 3x x , and the area to 
the left of the point 1x  will be infeasible for the 
motion of a point. Here E U , i.e.
 
,КE U U  , which means that 0КE  . These 
areas are called potential barriers. 
Let us analyze the motion of a material point in the range 1 2x x . Let the 
material point be in a certain position x. Its kinetic energy is determined by the 
 E U x . If a material point moves to the left, its potential energy increases, which 
means that at the points x it is affected by a force directed to the right. In the position 
1x , where E U  and 0KU  , the velocity of a material point is equal to zero. Under 
the action of forces directed along axis x, it rotates and moves to the right with an 
increasing velocity. At the point 'x , where the potential energy is minimal, the 
velocity takes the largest extremum. On an interval 2' xx   a material point will be 
under the acts of the force directed to the left that leads to the velocity reduction. At 
the position 2x  it is equal to zero. Then a material point will move to the left again, 
etc. This motion is called finite, and space, where it occurs, is called a potential well. 
On the interval 1 2x x , there exists a position 'x , where a material point can stay at 
the state of rest. Such point 'x , where the potential energy is minimal, is a stable 
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point. When the material point is to the right of 3x , then it can move to infinitely. 
This motion is called infinite. 
Of a particular interest is a position in which potential energy has the lowest or 
largest values. It has 0
dU
dx
 , and therefore force acting on a material point is equal 
to zero, that is, an object is in the state of equilibrium. The minimum of potential 
energy corresponds to the state of stable equilibrium, and maximum relates to the 
unstable equilibrium. Motion around the position of the stable equilibrium is 
oscillating. For the three-dimensional case equilibrium condition can be written as: 
0
dU
dx
 ; 0
dU
dy
 ; 0
dU
dz
 . 
3.7 The law of conservation of angular momentum 
Apart from energy and momentum there is one more mechanical quantity to 
which conservation law is inherent: it is angular momentum.  
Let us consider some material point A, which moves with velocity 𝑣 relative to 
the inertial coordinate system with the start at point О; the radius vector of the point 
r ; its momentum p mv  (fig. 3.7). The angular momentum of the material point 𝐴 
relative to the fixed point О is called vector L , which is equal to the vector product 
of the radius vector r  and the momentum vector p : 
L r p   .                                                     (3.38) 
Angular momentum L  relative to the point is a pseudovector. It is situated 
perpendicular to the plane, with vectors r  and p  on 
it. The magnitude of the angular momentum 
sin ,L r p l r                             (3.39) 
where  is the angle between r  and p  vectors. 
From the (fig. 3.7) follows, that sinp l   is 
the length of the perpendicular from the point О to 
the line along which the momentum vector of the 
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material point is directed. The magnitude l  is called the arm of momentum relative to 
point О. 
Let us find out what kind of mechanical quantity corresponds to the change of 
the vector of angular momentum L . 
Let us differentiate (3.38) with time: 
, ,
dpdL dr
p r
dt dt dt
  
  
     
                                     (3.40) 
Since vector 
dr
v
dt
  is the velocity of a material point which coincides in 
direction with vector p , then  
, , 0
dr
p v mv
dt
 
    
 
  . 
According to Newton’s second law 
dp
F
dt
 , where F  is total force, applied to 
a material point. 
Thus, from (3.40) follows: 
,
dL
r F
dt
 
 
 .                                                (3.41) 
The magnitude, which is the right member of equation (3.41), is called the 
moment of force F  relative to point О. Let us denote it as M , 
,M r F 
 
 .                                                 (3.42) 
Vector M , as well as L  is a pseudovector. 
The modulus of a vector M : sinM r rl  , 
where 𝑙 is vector arm of M  relative to point О (fig. 
3.8). 
If the motion is considered relative to the 
rectangular coordinate system, the force moment ?⃗⃗⃗? 
relative to point О can be put in the form of the 
determinant 
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     , z y x z y x
x y z
i j k
M r F x y z i yF zF j zF xF k xF yF
F F F
 
  
       
         
(3.43) 
where , ,i j k  are unitary vectors along coordinate axes , ,x y z , , ,x y xF F F  are 
projections of vector F  on a coordinate axis,  
;
;
.
x z y
y x z
z y x
M yF zF
M zF xF
M xF yF
 
 
 
                                          (3.44) 
Using the concept of the moment of force relative to point О, equation (3.41) 
can be written as: 
dL
M
dt
 .                                                      (3.45) 
This equation is called momentum equation, or the law of change of angular 
momentum of a material point. The rate of change of angular momentum 
dL
dt
 of a 
material point is equal to the moment of total force, applied to this point. The angular 
momentum L  and force moment F  are considered as relative to point О. The 
equation (3.45) is true only for an inertial frame of reference, because only in this 
case Newton’s second law is carried out. 
From the momentum equation (3.45) it follows that, if 0M  , then L const , 
that is angular momentum relative to some point 0 remains intact when the moment 
of total force relative to the same point 0 is equal to zero. Force moment M  equals to 
zero when forces are not acting on the material point or its resultant equals to zero, or 
vector force F  passes through the point 0. 
Let us consider a system that consists of n material points. Suppose ip  is the 
momentum of a material point i. Angular momentum of the material point is relative 
to the stationary point О 
,i i iL r p   .                                                 (3.46) 
Then the angular momentum L  of the system relative to the point О is called 
vectorial sum of angular momentum of each material point relative to point О: 
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1 1
,
n n
i i i
i i
L L r p
 
     .                                 (3.47) 
During the movement of each material point, values ir  and ip  are changing. 
Having differentiated in time both sides of (3.47), we obtain 
, ,i i ii i
dL dr dp
p r
dt dt dt
   
   
   
  .                          (3.48) 
The first sum in (3.48) is equal to zero since i i
dr
v
dt
  is a velocity of a material 
point. 
Thus,  
, , 0.i i i i i
dr
p v mv
dt
 
    
 
                              (3.49) 
In the second sum (3.48), multiplier i
dp
dt
 according to Newton’s second law is 
equal to the sum of total internal and external forces applied to this point, that is 
1
n
i
iik
k
i k
dp
f F
dt 

  , 
where 
1
n
ik
k
i k
f


  is the sum of total internal forces acting on the material point i from 
other points of the system; iF  is a resultant of total external forces applied to this 
point. Then 
1 1
, , , ,
n n
i
i i i i i i iik ik
k k
i k i k
dp
r r f r F r f r F
dt  
 
 
        
            
 
     , 
where ,i i ir F M  
  is the moment of external forces relative to point 0; ,i ik ikr f   

is the moment of internal force acting on point i from point K. Then  
1 2
1 1
,
n n
i i i inik ik
k k
r f    
 
 
  
       
is the sum of the internal moment i k , acting on a point from all others. 
Now, let us write the equation (3.48) for each i-point as 
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1
.
n
i
i
k
i k
ik
dL
M
dt



                                         (3.50) 
Adding the resulting equation (3.50) for all material points of the system we will 
obtain 
 1 2
1 2
, 1 1
n n
n
n
iik
i k i
i k
d L L LdL dL dL
M
dt dt dt dt

 

  
        
or 
, 1 1
n n
iik
i k i
i k
dL
M
dt

 

   ,                                 (3.51) 
where L  is the angular momentum of the system. 
The sum of the total internal moments 
, 1
0
n
i k
i k
ik


 . Let us show it on the example of a system 
that has two points (fig. 3.9), where  
12 21 1 12 2 21
, 1
, ,
n
i k
i k
ik r f r f 


   
   
    . 
According to Newton’s third law, interacting forces are the same, i.e. 
12 21,f f   the equation (3.51) can be written as 
12 21 1 12 2 21 1 2 12 ., , ,r f r f r r f            
      
Vectors 1 2r r  and 12f  are collinear (fig. 3.9), so its vector product equals to 
zero. Thus, 12 21 0   . Generalizing to the case of n material points, we obtain 
, 1
0
n
ik
i k
i k



 . 
Thus, the right-hand side of the equation (3.50) will consist of the sum of the 
external forces moments, acting on the system, i.e. 
1
extn
i
i
dL
M
dt 
 .                                           (3.52) 
62  
So, the rate of change of the angular momentum of the system of material points 
relative to any 0 point, is equal to the sum of total external moment acting on this 
system. This equation is called the law of change of the angular momentum of a 
system of material points. 
If in the momentum equation (3.52) the right-hand side for any reason is equal 
to zero, i.e. 
0
dL
dt
 , 
then L const , that is the angular momentum of the system about the point remains 
constant if the sum of the external moments is equal to zero. 
This law is called the law of conservation of angular momentum of a system. It 
plays the same important role as the laws of conservation of energy and momentum 
and is one of the most important in physics. 
Let us consider the cases in which the external moment is equal to zero. 
1. If a system of material points is closed, i.e. the external forces are absent or 
compensated. 
2. If at any moment of time force moments relative to any point are compensated. 
3. If the total external forces are central, the force moments relative to the centre 
equals to zero. 
Problem solution samples 
Problem № 3.1 A ball with mass 1m , which moves with velocity 1v , undergoes an 
elastic central impact with the ball of mass 2m , which moves opposite to the  velocity
2v . Determine the velocity 1u  and 2u  of both balls after the impact. 
Solution: 
Let us assume that velocity direction 1v  is positive. According to energy and 
momentum conservation law: 
2 2 2 2
1 1 2 2 1 1 2 2
2 2 2 2
mv m v mu m u
   ; 
1 1 2 2 1 1 2 2
mv m v mu m u  . 
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Directed velocities 1u  and 2u  are still unknown. That is why we consider them 
with sign “+”, because we will evaluate later their actual signs. 
Let us rewrite both equations in such a way: 
1 1 1 2 2 2
2 2 2 2
1 1 1 2 2 2
( ) ( ).
( ) ( );
m v u m u
m v u m u v
v  
  
                              (1) 
When we divide one equation by another, we get: 
1 1 2 2v u u v   , 
We multiply the result of division firstly by 
1m  then by 2m . We get: 
1 1 1 1 1 2 1 2
2 1 2 1 2 2 2 2
;
.
mv mu mu mv
m v m u m u m v
  
  
 
If we add every of these equations to equation (1), we find 
1 2 1 2 2
1 2
1 2 2 1 1
1 2
1
2
( ) 2
;
( ) 2
.
m m v m v
m m
m m v m v
m m
u
u
 

 



 
If the ball with mass 
2m  moves in the same direction with the ball with mass 
1m  (that means the ball 1m  overtakes the ball 2m ), the sign of velocity 2v  needs to be 
changed into the opposite one. 
Notice, that if the masses of the balls are equal, they simply exchange the 
velocities. So, if one of them was motionless before the stroke, the second ball will 
become motionless after the stroke and the first one will get the momentum of the 
second one. 
It should be taken into account, that the found expressions let us find the 
kinetic energy of the every bullet after the collision. 
Problem № 3.2 
A ball with mass 1m , which moves with the velocity 1v , collides with the ball, 
which has the same mass, that moves with the velocity 2v  at an angle α to the velocity 
direction 1v . The velocities of the balls after the collision are equal to 1u  and 2u . 
Determine the opening angle   (between the velocity directions 1u  and 2u ). 
Solution: 
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According to energy and momentum conservation law 
2 2 2 2
1 2 1 2
1 2 1 2
2 2
( ) ( );
( ) ( ).
m m
v v u u
m v m u uv
 
  
 
It is estimated from the second equation, that diagonal of the parallelogram of 
vectors, built on the velocities 1v  and 2v  (before the collision), equals to the diagonal 
of the parallelogram of vectors, built on the velocities 1u  and 2u  (after the collision). 
That is why it can be written: 
1 2 1 2
2 2 2 2
1 2 1 2
2 cos(180 ) 2 cos(180 )v v u uv v u u        ; 
Considering the first conservation equation, according to which 
2 2 2 2
1 2 1 2
v v u u   , 
we find that 
1 2 1 2cos(180 ) cos(180 )v v u u    ; 
from which: 
1 2
1 2
.
cos
cos
v v
u u

   
Problem № 3.3. A bullet with the mass m gets into ballistic pendulum (a box 
with sand, hanging on a thread) with mass M and sticks there. At that, the pendulum 
leaves the vertical in such a way, that it rises to a height h. Determine the bullet 
velocity at the moment of collision. 
Solution: 
According to momentum conservation law 
( )mv M m u  ,                                               (1) 
where u is the original velocity of the pendulum, which we approximately consider to 
be horizontal. 
According to the potential energy conservation law, energy of an object raised 
on the height h equals to n MgE h . All this energy converts into kinetic if the thread 
is in the vertical position of: 
2
2
k
Mv
E  . 
According to the equality 
2( )
( )
2
M m u
M m gh

   we evaluate u 
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2u gh .                                                         (2) 
Let us substitute (2) and (1), we get  
2
M m
v
m
gh

 . 
Questions for self-assesment 
1. What are work and power? 
2. Kinetic energy. Theorem of kinetic energy. 
3. The potential energy of a body in a homogeneous gravity field. 
4. The potential energy of a stretched spring. 
5.  Total mechanical energy conservation law. 
6. Conservative and non-conservative forces. Give a definition 
7. Force moment relative to a point 
8. Moment of momentum. Moment of momentum conservation law. 
9. Moments’ equation. 
Reference: 
1. Kucheruk I. M., Horbachuck I.T., Lutsy P.P. General course of physics. Vol. 1. 
Mechanics. Fundamentals of kinematics. §2.2-§2.5.,§2.9.,§3.2.-§3.5-
К.:Technika,1999.  
2. Syvukhin D.W. General course of physics. Mechanics. Kinematics. §9-§21., §22-
М.:Nauka,1979  
3. Irodov I.E. General physics. Mechanics. Fundamentals of kinematics. §2.1-§3.5- 
М.:FIZMATLIT, 2001.  
4. Savelyev I.W. Course of general physics. Vol. 1. Mechanics. Kinematics. §7-
§11.,§19-24.,§29.-М.:Nauka,1982. 
Video material recommended for viewing: 
5. https://www.youtube.com/watch?v=OY2ta2uldM4 
6. https://www.youtube.com/watch?v=MVHlHRUEU9U 
7. https://www.youtube.com/watch?v=sBe5D783BPI 
8. https://www.youtube.com/watch?v=gGjNiS_S8Dc 
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Chapter 4. SOLID MECHANICS 
 
In case of circular motion of a body, all its points spin and create circles, which 
centers are located on the same straight line, which is called rotation axis. 
It should be mentioned that a body is considered as 
absolutely solid, that means that all material points of the 
body during the motion don’t change relative position. It 
is clear, that the concept about an absolutely solid body is 
an approximate model: the more real a situation is shown, 
the less deformation the body undergoes.  
Let us consider the rotation of a solid body about 
the axis, which has a fixed direction in space. To prevent 
axis from moving, it is locked, for example in a bearing. If 
the rotation axis is motionless, so all points of a solid body move in circles, which are 
situated in perpendicular plains to a rotation axis (fig. 4.1). Turbine, electrical power 
generator, crankshafts of the internal-combustion engines etc. rotate around a 
motionless axis. 
It is known that the circular motion of a point in can be described with the help 
of both linear characteristics with linear velocity v , linear acceleration a , angular 
coordinate S  and angular characteristics: rotational angle  , angular velocity   and 
angular acceleration  .  
Linear kinematic characteristics depend on distance to a rotation axis that is 
why they cannot be characteristics for the rotational motion of the whole body. 
Angular characteristics are the same for all points of a body and can be used to 
describe its rotational motion.  
4.1. Moment of force about a rotation axis 
Considering a rotational motion, let us introduce the notion of moment of force 
about a rotation axis. Let us assume that under the influence of force F , applied at 
the point A, a body rotates around a motionless axis z (fig. 4.2). A moment of force 
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F  towards any point O , which is situated on a rotation axis ,M r F 
 
 , where r  is 
radius vector, drawn from point O  to the point of force F  application. 
Let us consider a component of the moment M  parallel to axis z : 
,z
z
M r F 
 
 ,                                              (4.1) 
which is called a moment of force about the axis z . 
If the force line crosses the axis or is parallel to it, the moment of force about 
this axis equals to 0. The force F  is easy to 
rearrange in 3 mutually perpendicular  
constituents: IIF , which is parallel to axis z ; RF , 
which is perpendicular to the axis z , constituent 
directed along the straight line, which goes 
through the axis and point of force application; 
F , which is perpendicular to the plain, drawn 
through the axis and point of force application. 
When we imagine a circle with radius R with the center 'O  on the axis z , the 
constituent F , will be directed along the tangent to this circle. In such a way, 
II RF F F F   . 
The moment of force about the axis z  
, , , ,II R II Rz
z z z z
M r F F F r F r F r F               
      . 
In this expression, the first constituent equals to 0, because a vector product 
, IIr F  
 gives a vector, perpendicular to the axis z . That is why , 0II
z
r F 
 
 . The 
second constituent , Rr F  
 also gives a vector, perpendicular to the axis z , so 
, 0R
z
r F 
 
 . In such a way, 
.,z
z
M r F  
  
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Let us define a vector product  ,r F M   
 . It defines the moment of force 
F , with relation towards point 'O . Vector M  creates angle α with the axis z . 
Projection M  on the axis z  
 , cos
zz
M r F M M        . 
Considering that cos
R
r
   and vectors r  and F  are mutually perpendicular 
we get the result 
R
M rF F R
r
                                                  .(4.2) 
4.2. Fundamental equation of rotational motion dynamics 
Let us specify the law on rotational movement of a body around the motionless 
axis z  (fig. 4.3). We conventionally divide the body into elements, which have mass 
mi, each of them can be considered to be a material point. Let the number of these 
elements be n. All material points move around on plains, which are perpendicular to 
rotation axis, in circles with centers, which are on the axis z . With the help of radius-
vector ir  we characterize the position of each element with mass mi about a point O  
on the rotation axis. According to definition the moment of the momentum of a 
material point with mass mi about a point O  
, , ,ii i i i i iL r m v m r v        .                           (4.3) 
Taking into consideration, that vectors ir  and iv  are mutually perpendicular 
and i iv R , vector magnitude L  
i i i i i i iL rmv mr R                                  (4.4) 
Vector iL  is directed perpendicularly to vector 
plains ir  and iv  and makes an angle   with the axis z . 
Vector projection iL  on rotation axis is called the 
moment of momentum of a material point about a rotation 
axis: 
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2cos cosiz i i i i i iL L mr R m R      , 
because cosi ir R  . 
If we write the expression (4.4) for each mass im  and totalize it using all parts, 
z izL L  will define the moment of momentum about the rotation axis z : 
22
iiz i i iz L RmR mL       .                      (4.5) 
The quantity, which equals to the sum of products of elementary masses im  
and squared distances from an axis, is called the moment body inertia about the axis: 
2
i imRJ  .                                                    (4.6) 
Using this expression, the formula (4.5) can be written as 
L J                                                              (4.7) 
Consequently, the moment of momentum about a rotation axis is a product of 
inertia moment of this body towards this rotation axis and angular velocity.  
As the solid body is considered to be a system of material points, the law of 
variation of system momentum moment can be applied to it (3.52): 
1
n
i
ext
i
dL
M
dt 
 ,                                            (4.8) 
where L  is the moment of momentum; 
1
n
i
ext
iM

  is a vector sum of moments of all 
external forces, applied to the body, relative to some system point or to a beginning 
of an inertial frame of reference or center of mass. 
Projecting all quantities, which are the part of equation (4.8) on the rotation 
axis, we get 
1
z
n
ext
i
i
z M
d L
dt 
 . 
It means, that time derivative of body momentum moment relative to the 
rotation axis z  equals the sum of moments of external forces relative to this axis. 
Taking into account, that 
Z ZL J  , the law of variation of body momentum 
moment (4.8) we write in such a way 
 
1
Z z
n
ext
i
i
J
d
M
dt


 .                                   (4.9) 
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If the moment of inertia 
Z
J const , (4.9) will take the form 
1
Z z
n
z i
i
extJ M

 ,                                       (4.10) 
where z
d
dt

   is the projection of angular acceleration on the axis z . The rotation 
around the fixed axis is considered here, that is why vector   is changed just in size.  
The equations (4.9) and (4.10) are the formula of the principle law of solid 
dynamics of an object which rotates around the fixed axis z . Moreover, a solid body 
can have any form with arbitrary mass distribution. From equation (4.10) it can be 
inferred that angular acceleration 
1
n
i
ext
i
z
M
J
 

.                                         (4.11) 
From equation (4.10) it can be also inferred that inertia moment of a solid body 
relative to any fixed axis is the measurement of body inertia in case of its rotation 
around this axis. It is similar to the process when the body mass is a body inertia 
measure in case of translator motion. The bigger the body inertia moment, the less is 
the angular acceleration, which is gained by the body under the influence of one and 
the same external forces moment. The body inertia moment depends on the mass 
distribution about the rotation axis. For example, a cylindrical body with a big 
diameter, which rotates around the axis, will have a bigger inertia moment than a 
cylinder with the same mass but with a smaller diameter. 
4.3. The conservation law of moment momentum of a rotating body  
We used to consider bodies with the constant inertia moment J . Let us assume 
that the inertia moment J  is changing in the process of motion. The rotating body 
dynamics fundamental law (4.9) will have the following form 
 
1
Z z
n
ext
i
i
d
J M
dt


 .                                   (4.І2) 
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When the total moment of the external forces about this axis 
1
0
n
i
i
extM

  
during the body rotation around the fixed axis, the body momentum moment about 
the rotation axis doesn’t change with time: 
ZJ const  .                                                 (4.13) 
This equation is the momentum moment conservation law for the circular 
motion of a solid body around the fixed axis.  
Let us assume, that the mass distribution changes during the body rotation on 
condition that 
1
0
z
n
ext
i
i
M

  influenced by internal or external forces that means the 
inertia moment ZJ  changes. According to this, the angular rotation velocity will 
increase or decrease. For example, let the body inertia moment in any condition 
equals 1J  and angular rotation velocity 1 . After the changes in the system, the 
inertia moment will equal 2J  and angular velocity 2 , so according to the 
momentum moment conservation law 
1 1 2 2J J  .                                                (4. 13
1
) 
Some phenomena can be studied with the help of the momentum moment 
conservation law. For example, a figure skater has relatively small angular rotation 
velocity, when his arms are extended sideward. When pressing arms against the body, 
a figure skater reduces his inertia moment; angular velocity of his rotation increases 
noticeably. The Earth inertia moment changes because of many reasons (as the result 
of volcanic activity, mountain formation, precipitation etc.). It leads to angular 
velocity change of its rotation around its axis, as the result the length of day changes.  
4.4. Moment of body inertia. Huygens-Steiner theorem 
The moment of inertia of a body 2
1
n
i i
i
J m r

  was deduced by considering the 
rotation of the solid body. But it is characteristic not only of a rotating body as each a 
body has its own moment of inertia independently of whether it is rotated or in a state 
of rest. A body has the minimum value of the inertia moment when the axis of the 
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rotation goes through the center of its mass. The inertia moment with respect to the 
axis that goes through the center of its mass is called the principal moment of inertia. 
Let us calculate the moment of inertia in certain cases of continuous 
distribution of the volumetric mass.  
For the entire body, the formula 2iiJ mr  is approximate. If the body is 
divided into a great number of small pieces dm , their addition comes to the 
integration operation: 
2J r dm  . 
The distribution of volumetric mass is characterized by density 
dm
dv
  , 
whence it follows that dm dv . 
In general, ρ may be changed into the volume of a body, i.e.  r  . 
Thus, finding the moment of inertia of a body comes to calculation of integral 
  2J r r dv  . 
1. Let us calculate the moment of inertia of the entire disc with the mass m  and 
radius R  relative to an axis z  that goes through the 
center of the disc (fig. 4.4). Let us divide the disc into 
rings with the width dr . The volume of such a layer is  
2 ,dv rhdr  
where h is the width. 
The mass of the layer is  
2 .dm dv rhdr     
Since the density of all points is equal and it is possible to take ρ outside the integral 
sign, it is derived that 
4 4
0
22 2 |
4 2
Rr hRJ r rhdr h

     . 
If the mass of disk 2m hR  is taken into consideration, the formula for the 
moment of inertia may be illustrated in such written form 
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2
2
mR
J                                                             (4.14) 
The formula (4.14) defines the moment of inertia of the disk relative to the axis 
that goes through the center of mass. 
2. Let us calculate the moment of inertia of a rod with the mass m and the length l 
relative to the axis that goes through its center of mass (fig 4.5). Let us divide 
the rod into small pieces dm  that are located at a distance x . The volume of 
every such component is dv dx S  , where S  
is an area of a section; the mass is 
dm dv Sdx   . 
The moment of inertia of the entire rod is 
2 2
2 2 3
2 2
1
.
12
l l
l l
J x dm S x dx Sl 
 
     
The mass of the rod is m Sl , so 0J  – the moment of inertia relative to the 
center of mass,  
2
0 .
1
12
J ml  
3. Let an axis of rotation z of a rod goes through one end of a rod (fig. 4.6):  
3 2
2
0
,
3 3Z
l
l ml
J x dm S    
that is 
2
.
3Z
ml
J   
Thus, if the axis of rotation is transferred in such a way that the distance from 
the axis of rotation ir  is increased, the moment of 
inertia is also increased. The calculation of the 
moment of inertia of a body that has a complex 
shape is a quite complicated problem but it may 
be partly facilitated if the Huygens-Steiner 
theorem on the parallel axis is used. It defines 
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that if the moment of inertia 0J  of a body that has the mass m  relative to the axis that 
goes through the center of mass of this body is known, the moment of inertia relative 
to another axis that is parallel to the first and is located at the distance a  is 
2
0ZJ J ma  .                                              (4.15) 
Let us consider an arbitrary-shaped body to prove the Huygens-Steiner theorem 
(fig. 4.7). Let us take two parallel axis one of which goes through the center of mass 
of a body O  and another one through 
point 'O . Axes are perpendicular to the 
plane of a figure. Let us draw the 
coordinate system , ,x y z  in such a way 
that its zero point is in the center of mass 
of body O , and the axis z  converges axis 
O . The coordinate system ', ', 'x y z  must 
be located in such a way that the axis 'z  
converges axis 'O  and the zero point must be located in such a way that the axes x  
and 'x  are convergent. Coordinates of a material point are im  in both coordinate 
systems  ,i ix y  and  ,i ia x y . 
The moment of inertia relative to axis O  is 
 2 2 20 i i i i iJ m r m x y      . 
The moment of inertia relative to axis 'O  is  
 
 
2
'2 2
2 2 2 .
( )
2
z i i i i i
i i i i i i
mr a x y m
m x y a m a x m
J
 
 
  
     
      
 
  
           (4.15') 
Since the zero point of , ,x y z  lies in the center of mass of the body so the 
coordinate of the center of mass Cx  equals to zero and then the third summand of the 
expression (4.15 )´ is missing. Consequently, the expression (4.15) acquires such a 
form: 
2
0 iz mJ J a     
or 
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2
0zJ J ma  , 
where 
1
n
i
i
m m

  . 
4.5 The concept of the inertia tensor 
If a fixed body rotates around its point and not around the axis, the movement 
of the body becomes complicated. At every moment, such movement rotates relative 
to its axis that goes through the attachment point.  
1. Let us consider the solid body that is attached to the center of mass O , where 
zero point of coordinate system , ,x y z  is situated. 
The solid body is considered as a set of material 
points with the mass mi (fig 4.8). An angular 
momentum of any material point relative to point O  
is  
, ,i i i i i iL r p r mv        .                              (4.16) 
Suppose   is an instantaneous body-rotation 
rate. As a result, the velocity of i point is 
.,i iv r    Thus, the angular momentum of the material point is 
, ,i i i iL r m r     .                                      (4.17) 
Let us use the distribution rule of double vector product 
   A BC B AC C AB        
and write the ratio (4.17) in the form of 
  2 ,i i i i i i iL m r r r   .                            (4.18) 
The angular momentum relative to point O  is  
  2 ,i i i i i i iL L m r r r     .                   (4.19) 
It follows that the angular momentum vector L  generally does not converge 
with the direction of angular rate vector  . Let us find the connection between 
components of these vectors. 
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Taking into consideration that 
ix ir x ; iy ir y ; iz ir z ; 
 , x y zi i i ir x y z      , 
Vector ratio (4.19) can be written in the form of projections on the coordinate 
axis. 
    
    
 
2 2 2
2 2
2 2 .
x x x y zi i i i i i i i
x y zi i i i i i
x y zi i i i i i i i i
L m x y z x x y z
m y z x y z
m y z m x y m x z
   
  
  
      
    
   


  
      (4.20) 
Similarly, the projections of angular momentum on both axes y  and z  may be 
gotten 
 2 2y y x zi i i i i i i i iL m x z m x y m y z        ;                 (4.21) 
 2 2z z x yi i i i i i i i iL m x y m x z m z y        .                 (4.22) 
Coefficients of angular velocity x , y  and z on projections are measured in 
2kg m  and depend on the distribution of mass in a body and instantaneous 
orientation of a body relative to , ,x y z  axes. 
Let us introduce symbols: 
 2 2
1
n
xx i i i
i
J m y z

  ; 
 2 2
1
n
yy i i i
i
J m x z

  ;                                     (4.23) 
 2 2
1
n
zz i i i
i
J m x y

  , 
where xxJ , yyJ , zzJ  are moments of inertia relative to relevant axes that are called 
axial moments of inertia. Other coefficients of proportionality between L  and   are 
called products of inertia and they are marked in such a way: 
1
n
xy yxi i i
i
J m x y J

  ; 
1
n
xz zxi i i
i
J m x z J

  ;                                   (4.24) 
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1
n
yz zyi i i
i
J m y z J

  . 
Products of inertia are characteristics of dynamic unbalance of the bodies. For 
example, in the process of rotation relative to z  axis, forces of pressure on bearings 
on which the axis is fixed depends on values xzJ  and yzJ . Consequently, formula 
(4.20) – (4.22) may be written in the form of 
x xx x xy y xz zL J J J     ; 
y yx x yy y yz zL J J J     ;                              (4.25) 
.x zx x zy y zz zL J J J      
Thus, vectors L  and   are not collinear for the arbitrary-shaped body with an 
arbitrary distribution of mass. Mutual orientation of vectors L  and   is defined by 
values of coefficients of proportionality between them. If, for example, 
xx yy zzJ J J J    and all products of inertia equal to zero i.e. 0xy yz xzJ J J   , 
the ratios (4.25) acquire the form 
x xL J ; y yL J ; z zL J .                     (4.26) 
Thus, vectors L  and   in this case are collinear. 
Now, suppose that vector   is directed along axis z  i.e. 0z   and 
0x y   . Suppose coefficients 0xzJ  , 0yzJ   and 0zzJ  . Substituting the 
values in (4.25), it is possible to acquire 
0x xz xL J   ; 0y yz yL J   ; 0z zz zL J   , 
that is all three components of vector L  are not equal to zero. Consequently, vector 
L  with vector   directed along axis z  form an angle. 
The aggregate of nine quantities that are set by ratios (4.23) and (4.24) is 
xx xy xz
yx yy yz
zx zy xx
J J J
J J J J
J J J
 
 
 
 
 
 
 ,                                  (4.27) 
It is inertia tensor*. The inertia tensor zzJ  characterizes inert properties of a 
body in the process of rotation. Quantities xxJ , yyJ  and zzJ  are diagonal  
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components of tensor and others are not diagonal. If quantities that are disposed 
symmetrically relative to diagonal are equal to xy yxJ J , xz zxJ J , yz zyJ J , such 
tensor is called symmetrical. In case of continuous distribution of mass, the addition 
is changed into integration. 
For example, there is a component 
xxJ : 
  2 2xxJ xyz y z dv  , 
 , ,x y z   is a density; dv  is a 
volume of mass dm .  
As an example, calculate tensor 
components of inertia for homogeneous 
rectangular parallelepiped that has such dimensions 2 2 2a b c   (fig. 4.9). Suppose 
that zero point lies in the center of inertia C  and axes are parallel to the edges of 
parallelepiped through the centers of which they go. Calculate the moment of inertia  
 2 2zzJ x y dv  . Then divide the body into columns which have the square at 
____________________________________________________________________ 
*The tensor is an ordered aggregate of nine quantities that are called tensor 
components. Tensor components depend on the choice of coordinate system 
and in the case of rotation of axes, they are changed into a product of 
components of two vectors.  
the basis that is equal to dxdy . All components of such column have the same values 
of x  and y  axes. 
The volume of the column is 2dv cdxdy  and it mass is 2dm cdxdy . 
Thus, the contribution of the moment of inertia of the column in zzJ  is defined 
by 
 2 2 .2zzсolumndJ cdxdy x y   
On integrating this expression into x , we will find the contribution that the layer 
has: the length 2a , the height 2c  and the weigh dy : 
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   2 2 2 2
3
2 3 2
2 2
4
2 | 4 .
3 3
a a
zzlayer
a a
a
a
dJ c x y dxdy c x y dx dy
x
cdy y x ca cay dy
 
  
 

   
   
  
  
     
    
 
 
Finally, on integrating into y we will get the moment of inertia for the entire 
body: 
      
3 2
3 2
2 2 2 2
4
4
3
4
4
3
1 1
2 2 2 .
3 3
b
zz
b
b b
b b
J ca cay dy
ca dy ca y dy
a b c a b m a b
 
 


 
 
 
 
 
  
  
   

 
 
The relevant calculations give values of xxJ  and yyJ : 
 2 21
3xx
J m b c  ; 
 2 21
3yy
J m a b  . 
Now, calculate one of the products of inertia that is according to (4.24) is 
xyJ xydv . 
The contribution of the moment of inertia of the column with the basis dxdy  is 
2
xyсolumn
dJ y c dxdyx , 
and the contribution of the layer is 
2 2
2 2 | 2 0
2 2
a
a
axylayer
a
a a
dJ c xydxdy cydy cydy  

 
 
 
 
     . 
Accordingly, the moment of inertia of the entire body equals zero: 0xyJ  . For 
other products of inertia, the result is the same. Thus, in the case of a relevant choice 
of axes, the inertia tensor is significantly simplified and in the result it has only three 
diagonal components: 
xx xJ J ;  yy yJ J ; zz zJ J . 
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0 0
0 0
0 0
x
y
z
J
J J
J
 
 
 
 
 
 .                                               (4.28) 
Thus, the tensor (4.28) is diagonal. Dimensions zJ , yJ , zJ  are called principal 
moments of inertia and axes are called principal axes of inertia. The principal axes of 
inertia cross in the center of mass and its directions may be defined by the general 
consideration of symmetry: in the case of cylinder this is the axis of cylinder and 
perpendicular to it two mutually perpendicular axes, and three mutually perpendicular 
axes are for the sphere. 
Suppose that the body turns around one of its principal axes of inertia, for 
example around its z  axis: z  ; 0x y   . Consequently, we have according 
to (4.25) 
0x yL L  ; z zL J  . 
Thus, the vector L   is convergent with  . 
The same results are obtained when the body turns around other principal axes. 
At any case the result is  
L J , 
where J  is the principal moment of inertia. 
Consequently, the character of rotation of a solid body depends on the 
arrangement of axes of rotation relative to principal tensor axes of inertia.  
If the axis of rotation lies in the principal tensor axes of inertia, the angular 
momentum lies in the direction of the angular velocity vector  . When a body 
moves, the axis of rotation coincides with the direction of the angular momentum. 
Thus, the axis of rotation retains its rotation direction. In addition, all centrifugal 
forces are balanced and if the body is fixed on such an axis, the additional force that 
appears during its rotation does not influence their resistance. Thus, such axes are 
called free.  
If the vector   does not converge with principal axes of inertia, it does not 
converge with fixed in space vector L  as well; so, the direction of the axis of rotation 
is constantly changed.  
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The study of dynamic stability with 1 2 3J J J   demonstrate that the rotation 
relative to the free axis for which the moment of inertia J  has the maximum value 
1J J  is the most stable. The rotation relative to the axis with minimum value 
3J J  is constant in the case of absence of exciting force. 
The rotation around axis 2J J  is unstable. For example, a thin rod, 
suspended at one end from the thread, places itself horizontally in the case of a rapid 
rotation and it will rotate around the axis, perpendicular to the rod that passes through 
the center of its mass (fig. 4.10). The properties of free 
axes are widely used in engineering. In all devices with 
parts that rotate rapidly, it is very important the rotation 
happens around a free axis, otherwise, there are huge 
forces that act on the side of the rotating part on the axis, 
and hence on the bearings of machines. As far as even 
during the most thorough manufacturing of rotating 
details it is impossible to hit the center of mass on the axis 
of rotation (which is set by bearings). Therefore the flexible or self-adjusting shafts 
are being used. If the shaft is not very solid, and its axis is located near the free axis 
of a machine rotor, then in the case of rather a high velocity of rotation, the shaft is 
bent so that the rotation of the movable part is set around the free rotor axis. 
4.6. Gyroscope and gyroscopic effect 
A symmetrical body which rotates around its axis, which is one of the free axes 
is called gyroscope. The simplest gyroscope is a children's toy ‒ whipping-top. If we 
spin it and leave spinning, it keeps the direction of its rotation axis. This phenomenon 
can be explained on the basis of the law ext
dL
M
dt
 . As you rotate the whipping-top, 
the torque due to gravity relative to the center of mass is zero, 0
dL
dt
 , then 
L const , therefore angular momentum L  saves its quantity and direction in the 
absence of external moments of force. This property of a whipping-top is widely used 
in various technical apparatuses, such as navigational. The schematic configuration of 
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the typical gyroscope is shown in fig. 4.11. Its 
components are a hard body of rotation D , the rotation 
axis 'CC  and gimbal ring assembly. The gimbal ring 
assembly consists of two rings: an external, which 
rotates freely around the axis and passes through the 
edge 'AA  and an internal, which  rotates about an axis 
that is perpendicular to it, and passes through the edge 
'BB . The axis 'CC  of disk D  rests upon the inner ring of a gimbal ring assembly 
that provides its free rotation in space in all directions.  
The axis of symmetry is one of the principal axes of the gyroscope inertia. In 
the case of rotation around this axis, the angular momentum of a gyroscope coincides 
with the direction of the axis of rotation. Therefore, this kind of rotation is steady and 
the axis of rotation keeps its direction unchanged in the case of a device shift. 
To change the direction of a gyroscope axis relative to the fixed reference 
frame it should be affected by the momentum of external forces. Such a phenomenon 
is called gyroscopic effect.  
Consider this effect on the 
example of a gyroscope, whose scheme 
is shown in fig. 4.12. Let us provide the 
gyroscope with rotation on the vertical 
plane, and arrange the axis horizontally. 
The angular momentum L J  is too 
small and it is directed along the axis of 
whipping-top. Hang on the axis a body 
with mass m . Since the moment of force M  and collinear to it an incremental vector 
of the angular momentum dL  are located on a horizontal plane, the gyroscope will 
rotate on a horizontal plane around a vertical axis. In case of a new position of a 
whipping top's axis the moment of force will be again perpendicular to it. So the axis 
of whipping-top will regain its position and etc. The motion that occurs is called 
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precession. Axis of a precession (vertical axis) is parallel to the direction of the 
external force. 
Precession motion has an interesting feature: it is almost inertia-free. 
Precession instantly stops as soon as mg  disappears (action of the moment of force 
M  is deactivated). This is due to the fact that external forces create an angular 
acceleration of a gyroscope axis. When M  becomes equal to zero, the angular 
acceleration is also zero. Herewith, an angular velocity vector stops changing its 
direction and the axis of the whipping-top will not rotate. 
Consider the motion of the gyroscope when its axis is fixed at point O , which 
does not coincide with the center of mass (fig. 4.13). Herewith the gyroscope is all 
the time under the influence of gravity force, the 
moment of which is directed perpendicular to the axis 
of a gyroscope. As a result, the axis of a gyroscope will 
rotate around a vertical axis which passes through the 
fixed pr  point O , circumscribing the cone. Suppose 
that the angular momentum of a gyroscope wheel is 
directed along its axis that is true under pr  . The 
force of gravity mg  creates a moment which direction 
is perpendicular to the vertical plane, passing through 
the axis of a gyroscope wheel. Determine the angular 
velocity of precession ( sinOC L  ; 
sin
dL
L
gd dt

  ) for small angles: 
sin
sin sin sin
pr
dL M mgr mgr mgr
L L L L J
d
dt dt

   

      .          (4.29) 
The angular velocity of precession is not dependent on the angular inclination 
of a gyroscope wheel. The more angular velocity is  , the lower the velocity of 
precession is. 
Gyroscopes are widely used in devices that determine direction or 
automatically eliminate the deviation from the specified direction (autopilot). 
4.7. Kinetic energy of a rotating body 
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Consider a solid body that rotates around some fixed axis z . The kinetic 
energy of a rotating body is an algebraic sum of the kinetic energies of individual 
material points that make up this body: 
2
1 1 2
n n
i i
ki
i i
mv
E E
 
   . 
Since the linear velocity of each material point 
i iv r , 
where ir  is the distance of the point with mass im  from the axis z , then 
2
21
2 2i iK
J
E mr

  , 
where 2i iJ mr  is the moment of body inertia relative to the axis z . 
Thus, the kinetic energy of the body, which rotates around a fixed axis 
2
2
K
J
E

 .                                                       (4.30) 
A body acquires kinetic energy when it performs work. Assume that a material 
point of the body with a mass im  is influenced by some forces, external F  and 
internal f . During the time dt  these forces do work 
A Fdr fdr F dr f dr      , 
where F  is a projection of external force to the direction of movement dr ; f  is a 
projection of inner strength to dr . 
For infinitesimally small time intervals | |dr dS  where dS  is an arc length 
dS rd . In this way 
 iA F f rd F rd f rd          . 
As far as F  coincides with dr r , Fr  is a an external torque relative to axis 
z : extizM F r . Similarly the external torque relative to axis z  
izf r  . 
Thus, 
 extizi izA M d    .                              (4.31) 
Elementary work that is performed at the turn of the body at an angle d , 
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ext ext
zi izA A M d M d       ,                (4.32) 
where extizzM M  is a total moment of all external forces applied to the body, 
whereas the sum of moments of internal forces is equal to zero, so that 0.iz   
Considering ratio (4.11), we obtain 
ext
iz
d
J
dt
M

 ; d dt  . 
Then, work 
d
A J dt
dt

  . 
Integrating the ratio, we get that work being done by external force, 
2 2
1 1
2 2
2 1
2 2
J J
A A J d
 
 
 
       .               (4.33) 
Thus, according to the law of energy conservation the work of external forces 
is equal to the change of kinetic energy of a body. 
Problem solution samples 
Problem 4.1. A disc with mass m  and radius R is set on the same shaft as well 
as a pulley with radius r. A constant force F  is applied tangentially to the pulley. 
How much time will it take for the flywheel to reach the velocity   after the start of 
rotation. 
Solution: 
Under the influence of constant torque M F r  the disk rotates with constant 
acceleration. If turning angle is 
2
2
t
   and the angular rate is t   then: 
2
t
  . 
Work performed during the rotation, 
2
t
A M F r

  . 
Herewith the energy obtained by the disk 
2 2 2
2 4
К
J mR
W
 
  . 
From which: 
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2
2
mR
t
F r

 . 
Problem 4.2. Flywheel, with a radius R whose mass M is evenly distributed on 
the flange, rotates with angular velocity ɷ (Figure 4). At some point in time, a 
caliper is pressed to the flange with force F , where an index of friction  between the 
caliper and the flange is k. Find a braking period and a number of revolutions of the 
flywheel until a full stop. 
Solution: 
Flywheel has a uniformly decelerated motion under the force of caliper 
friction. For a point on the rim we can write: 
0t
v v at  , 
where tv  is the linear velocity of a point. 
The acceleration a  is caused by a force of 
friction: 
fr
F kF Ma  . 
From these formulas, and considering that 
t Rv   we find: 
0v RMt
a kF

  . 
For the time t  the number of revolutions of a flywheel point is: 
21
( )
2 2 2
t
n t
 

 
   , 
where   is angular acceleration tangent point, which in this case is 
t

 where:  
2 21
( )
2 2 4 4
RM
F
t t
n t
k
  

  
    . 
Problem 4.3. From a ramp with an angle α a ball, a disk, and a hoop are 
rolling without sliding. At the same time on the same surface, some body slides off 
without friction. Determine the linear acceleration of the centers of mass of all 
bodies. Initial velocity is equal to zero. 
Solution: 
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If a body performs translational and rotational motion at the same time, then 
its kinetic energy: 
2 2
2 2
К
mv J
Е

  , 
Where m is mass of a body; v  is linear velocity of a body center of gravity; J is 
the momentum of inertia;   is angular velocity of rotation. 
At the beginning of rotation, the body had a potential energy 
U mgh , 
Herewith 
22
2 2
Jmv
mgh

  . 
From this 
2
2mgh
Jm
R
v 

. 
Since the height of the ramp  sinh l    
All bodies move uniformly down the surface, so that: 
2
2
at
l   and v at . 
Concerning these formulas, we obtain: 
2
sinmg
a
Jm
R



. 
The momentum of inertia of a: 
Ball: 2
2
5
ballJ mR ; 
Disk: 
2
2
disk
mR
J  ; 
Hoop: 
2
hoopJ mR . 
For the sliding off body 0J  , so 
sina g  . 
Questions for self-assesment 
1. Torque relative to the axis of rotation. 
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2. The angular momentum of a material point relative to the axis of rotation. 
3. The angular momentum of the body relative to the axis of rotation. 
4. The basic equation of rotational motion dynamics. 
5. The law of conservation of angular momentum of a rotating body. 
6. The moment of inertia. 
7. Huygens-Steiner theorem. 
8. What is inertia tensor? What is its shape? 
9. What is the gyroscope? What is its design? 
10. What is the gyroscopic effect? 
11. The kinetic energy of a rotating body. 
12. Relation of work of external forces with the kinetic energy of a body. 
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Chapter 5. BODIES MOTION IN THE NONINERTIAL 
SYSTEMS OF REFERENCE 
 
5.1 Galilean transformation 
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Up to now, in order to describe the motion a material point or body (aggregate 
of material points) inertial reference systems were used. In such reference systems 
bodies which are not influenced by the external forces save their constant velocity in 
magnitude and direction. 
Consider the inertial reference system  , ,K x y z  y  ' ', ', 'K x y z , which is 
moving forward relative to K  with constant velocity 0v  along the axis x . Consider 
the motion of a material point M  relative to two reference systems. The position of 
point M  relative to the fixed coordinate system K  is defined by a radius vector r , 
and relative to the moving system 'K  ‒ the radius vector 'r . 
If at a moment of time 0t   the specified coordinate systems coincide, then at 
the moment of time t they will diverge by 
quantity 0 0r v t  (fig. 5.1). So, 
0 0
0
.
' '
' '; '; '
;r r r r v t
x x v t y y z z
   
   
            (5.1) 
Let us use the accepted in classical 
mechanics the assumption that time in both 
frames of reference flows equally, that is 't t . 
Add this equation to the formulas (5.1) and 
obtain 
0' '; '; '; '.x x v t y y z z t t          (5.1
1
) 
The collection of these four equations is called the Galilean transformation. 
Having differentiated with respect to (5.1
1
) time, we get a law of conversion of the 
velocity of a material point in case of transition from one inertial reference system to 
another: 
0
' ; ' ; 'x x y y z zv v v v v v v     
or 
0
'v v v  .                                                      (5.2) 
This expression is velocity-addition laws in classical mechanics.  
The differential of (5.2) by time with the consideration that 0v const , gives 
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'a a .                                                             (5.3) 
Since the reference system K  is inertial, that is 0a   (no influence of forces), 
then from the ratio of (5.3) infers that ' 0a  , which means that the system of 
reference 'K  is also inertial. Thus, any frame of reference which moves relative to 
any inertial frame rectilinearly and proportionally is inertial. 
Assume that in a system of coordinates K  some force F  has an influence on a 
body with a mass m , under the influence of the force a body moves with acceleration 
a  under the Newton’s second law 
F ma .                                                          (5.4) 
In any inertial frame of reference 'K  
' ' 'm a F .                                                      (5.5) 
Since in classical mechanics the mass of a body is constant in any reference 
system 'm m  and 'a a  referring to (5.3), so 'F F . So, the equation is roughly 
equivalent to the equation written in the other reference system. Physical quantities, 
or laws, which do not change with the transference from one inertial frame of 
reference to the other, are called invariants.  
Correlations (5.3) – (5.5) show, that the equation of Newton’s second law, 
which is fundamental for classical mechanics, is invariant in relation to Galilean 
transformations. This conclusion is the expression of the mechanical Galileo’s 
relativity principle: in any inertial frame of reference, all mechanical phenomena 
happen in the same way under the same conditions. In other words, uniform linear 
motion in the closed system does not influence any mechanical phenomena in it. 
Mechanical principle of relativity means that within classical mechanics all inertial 
frames of reference are roughly equal.  
5.2. Non-inertial frames of reference with translational motion 
The frames of reference, which move with acceleration relative to inertial 
frames of reference, are called non-inertial. 
In non-inertial frames of reference Newton’s laws are not executed. It appears, 
that the acceleration of the material point relative to the non-inertial frame of 
reference does not satisfy the Newton’s second law that is the material point can 
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move with acceleration in the non-inertial frame of reference only if it is influenced 
by forces from other objects. In the case of spontaneous breaking action of a bus 
passengers start tilting with acceleration in the direction of the movement. When the 
bus moves on a curved trajectory, the passengers are deviating to the side, opposite to 
the center of curvature. In all these and other common examples, the objects acquire 
acceleration in non-inertial frames of reference, if they are not influenced by other 
objects.  
Let us consider the equation of movement in the non-inertial frames of 
reference. Observe two axis systems: fixed (inertial) system K  and the system 'K  , 
which is moving in relation to K  with acceleration. Suppose that in the moment of 
time t  the material point M , which is moving, has a velocity  'v t  relative to 'K  
system. Moreover, the velocity of the system 'K  relative to K  is equal  0v t . Then 
according to (5.2) the velocity of the material point relative to the system K  is:  
     0'v t v t v t  .                                       (5.6) 
Differentiate it according to the time: 
     0
.
'dv t dv t dv t
dt dt dt
                                 (5.7) 
Or acceleration of a material point relative to the system K : 
0'a a a  ,                                                      (5.8) 
where 'a  is the acceleration of a material point relative to the system 'K ; 0a  is 
acceleration, acquired by system 'K . 
Multiply the both sides of equation (5.8) by mass m : 
0'ma ma ma  .                                           (5.8
1
) 
According to Newton’s second law in the inertial frame of reference 
ma F ,                                                          (5.9) 
where F  is the result of all forces of other objects, which influence this material 
point from. 
As 'a  is the acceleration of a point in the non-inertial frames of reference, so 
' 'ma F  is force, which influences a material point in the non-inertial frames of 
reference. So the equation (5.8
1
) then is: 
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0'F F ma  .                                               (5.10) 
Consequently, the equation of the object movement in the non-inertial frames 
of reference acquire the next appearance: 
0' 'F ma F ma   .                                    (5.11) 
Accordingly, in the non-inertial frames of reference the quantity 0ma , which 
has the dimension of force, is added to F  forces. It can be formally considered as 
some force, which affects a material point in the moving non-inertial frame of 
reference. This quantity is called inertial force: 0 .iF ma  After having 
implemented the notion of inertial force, (5.11) can be written as: 
' iF F F  .                                                  (5.12) 
So the movement equation (5.9) of a material point relative to the inertial frame 
of reference and its equation relative to the non-inertial frame of reference are similar 
by form. The difference between them resides in the fact, that it is necessary to count 
the additional inertial forces iF  apart from usual forces F , occurring when the force 
of one object acts on another, in the non-inertial frames of reference.  
Implementation of the inertial forces gives a possibility to describe the 
movement of a material point in the non-inertial frame of reference by the similar 
equations as in the inertial frame of reference.  
We can be ensured in the existence of the inertial forces, being the passengers 
of transport. During the sharp breaking down or a shoot forward we feel the force, 
which makes us deviate forward or backward. Contrary to usual forces F , it is 
impossible to specify an object of inertial forces, which affect us. Inertial forces occur 
not as a result of objects interrelation, but as a result of the accelerated movement of a 
system.  
As any movement can be always observed as relative to the inertial frame of 
reference, there is no necessity to introduce inertial forces.  
At the same time, the usage of inertial forces frequently simplifies the solution 
of the range of tasks in the non-inertial frames of reference as compared with the 
solution of these tasks in the inertial ones.  
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Here is an example. The ball is hanged to 
the ceiling of the carriage. During the 
acceleration of the carriage the ball deviates 
from the vertical position  to a certain angle  . 
Let us see the ball movement both in the inertial 
and non-inertial frames of reference. For 
example, an observer in the inertial reference 
system on the platform states that when the 
carriage starts accelerated motion, the ball tries to keep its initial position as a result 
lagging behind the carriage deviating at a certain angle. 
The thread will deviate until the resultant of the attractive forces P  and thread 
tension T  reaches (fig. 5.2 a) 
0F ma P T   , 
where 0a  is the acceleration of the carriage movement.  
An observer in the non-inertial frame of reference – the carriage, claims that 
the deviated ball relative to the carriage is at a standstill (fig. 5.2 b). 
If the thread deviates from the vertical, the resultant of the attraction forces P  
and the thread tension T  is not equal to zero. As the ball stays at a standstill, this 
resultant is being balanced by some force 0 .iF ma  Consequently, 
0iP T F   .                                            (5.13) 
 
 
5.3.Centrifugal inertial force 
Let the frame of reference perform 
the rotary motion with the constant angular 
velocity  . The example of such frame of 
reference there can be a disk which rotates 
around the vertical axis (fig. 5.3). A ball 
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placed on a thin rod and connected with the disk center by a spring is rotating 
together with the disk. Let us observe the movement of the ball in both the inertial 
and non-inertial frames of reference. An observer in the inertial frame of reference 
makes a conclusion that the spring force, which provides the ball movement in a 
circle with the radius r with centrifugal acceleration, influences the ball from the side 
of the spring 
2
2
spr
mv
F m r
r
  .                                    (5.14) 
Another observer who is in the movable system makes a conclusion that as the 
ball relative to it is at a standpoint, so it is affected by the force directed by the radius 
from the center, which is balanced by the spring force of the tensed spring. This force 
is called the centrifugal inertial force: 
2
sprcentrF F m r  ,                             (5.15) 
where r  is a radius vector drawn from the disk center to the ball.  
Centrifugal inertial force is always directed along the radius from the center. 
Centrifugal inertial force affects the object regardless of whether it is at a standstill or 
is moving relative to the system which is rotating. Centrifugal inertial force is 
dependent not only upon the object mass but upon its distance from the center of the 
system rotation. 
This force, which moves on a curved trajectory influences passengers of the 
transport, pilots who make aerial stunts. 
Centrifugal inertial forces may reach high quantities in centrifugal machines. 
The action of the centrifugal inertial forces is often used in mechanisms such as 
centrifugal pumps, separators, centrifuges. 
Centrifugal inertial force affects the 
objects on the Earth surface. As the system 
connected with the Earth, it is noninertial. 
The main reason of the non-inertness 
of this system lies in the twenty-four hour 
rotation of the Earth. 
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Let us consider the object with the mass m  , situated at a distance R  from the 
earth axis: 
3 cosR R   (fig. 5.4.) where   is the latitude of the Earth surface points.  
The attractive force that influences the object is directed along the radius 3R  to 
the Earth center: 
02
З
grav
mM
mg
R
F   ,                                       (5.16) 
where 0g  is the acceleration acquired by the object under the influence of attractive 
force. 
In the frame of reference connected with the Earth, centrifugal inertial force 
will also affect the object: 2 .centrF m R  
Vector sum of those forces determines the attractive force, that is 
gravcentrP F F .                                         (5.17) 
On the poles of the Earth 0centrF   and, as a result, gravP F . On the equator 
the difference 2grav ЗP F m R   reaches the maximum quantity that composes 
0.3% gravF . If the object freely falls, it gets the acceleration g  and P mg  The 
equation (5.17) may be written as 
0 centrmg mg ma   . 
Accordingly, the acceleration of the free fall which is observed on the latitude 
 , 
0
2g g R   . 
So, the acceleration of the free fall is not directed to the Earth center and is not 
equal to the acceleration 0g  which the object might have if the Earth does not rotate. 
The greatest difference between g  and 0g  can be observed on the Equator: 
2 2
0 0,034 / sЗg g R m    . 
5.4 Coriolis force 
Let us consider the occurrence when the object 
is moving relative to the frame of reference which 
96  
rotates. We make the following experiment. We will draw a radial line OA  on the 
horizontal disk. We will direct the ball from O  to A  with the velocity 0v . If the disk 
does not rotate, the ball will roll along the OA  line. If the disk starts rotating, the ball 
will roll by the curved line OB  (fig. 5.5). Moreover, the velocity vector direction 
will change. The observer in the movable frame of reference, explains the curvature 
of the ball movement trajectory by the inertial force, which is perpendicular to the 
velocity direction. This inertial force is named 
Coriolis force:
 0
.2KF m v
 
  
   
Coriolis force influences the object which 
moves relative to the frame of reference, which 
rotates, that is when 0 0v  . It depends on its 
movement velocity and does not depend on the 
position of the object. This force is always 
perpendicular to the object velocity 0v  in the 
system, which rotates. 
As 0KF v , that is perpendicular to the direction of the movement, it does not 
perform an operation but deviates the object which rotates without changing its 
velocity. A lot of phenomena on the Earth surface can be explained by Coriolis force. 
Coriolis forces affecting the object, which rotates in the northern hemisphere, are 
trying to shift it to the right. Because of this, the right river banks in the northern 
hemisphere are more washed out, than left ones (fig. 5.6). Coriolis forces make air 
flows in the atmosphere and water streams in the oceans be deviated. These forces 
cause the change of oscillation plane of pendulum motion (Foucault experiment). 
Questions for self-assesment 
1. What are Galileo’s transformations? 
2. The law of velocity addition. 
3. What are invariant quantities? 
4. Galileo’s mechanical relativity principal. 
5. What are the inertial frames of reference? 
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6. The movement equation in the non-inertial frames of reference? 
7. The difference of a material point movement relative to both inertial and non-  
inertial frames of reference. 
8. Centrifugal inertial force. What is it dependent upon? 
9. What is Coriolis force? 
10. The expression of Coriolis force. 
11. What is Coriolis force dependent upon? 
12. The examples of the Coriolis force operations. 
References 
1. Kucheruk I. M., Horbachuck I.T., Lutsy P.P. General course of physics. 
Vol. 1. Mechanics. Fundamentals of kinematics. §8.1-§8.4-К.:Technika,1999. 
2. Syvukhin D.W. General course of physics. Mechanics. Kinematics. §70-
М.:Nauka,1979  
3. Savelyev I.W. Course of general physics. Vol. 1. Mechanics. 
Kinematics. §32-35.-М.:Nauka,1982. 
Video material recommended for viewing: 
4. https://www.youtube.com/watch?v=-FHQTyZ_zW4 
5. https://www.youtube.com/watch?v=psPxoilUeJo  
 
Chapter 6. THE ELEMENTS OF RELATIVITY 
MECHANICS 
 
6.1. Fundamentals of the special relativity theory 
According to the relativity principle of the classical mechanics, all its laws are 
invariant to the Galileo transformations. With the development of other branches of 
physics, in particular optics and electrodynamics, the question aroused: is the 
relativity principle applicable to non-mechanical phenomena? In the end of XIX 
century, Maxwell created the equation system, which describes electrical and 
magnetic phenomena. Maxwell equations, as the calculations show, were not 
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invariant to Galileo transformations. It meant that optical and electronic phenomena 
had been allegedly happening differently in different inertial frames of reference. To 
overcome the crisis which arose in physics at the beginning of XX century, German 
scientist Einstein offered a new theory, which got a special name of relativity theory 
(1905). Einstein’s theory was based on two postulates or principals: the first postulate 
determined the relativity principle, which was the generalization of Galileo’s 
mechanical relativity principal on any processes. It is formulated as all physical 
phenomena (mechanical, electromagnetic etc.) are happening in the same way 
relative to the inertial frames of reference. 
The second postulate claims that light velocity in the vacuum is equal relative 
to the inertial frames of reference and is not dependent upon the direction of its 
spreading and the source movement. 
The second postulate shows that the light velocity in the vacuum is invariant 
quantity.  
Some astronomic observations witness in favor of the fact that the light 
movement velocity does not depend on the source of velocity, for example the 
observations by the double stars (fig. 6.1). They are two stars, which rotate relative to 
the common center of gravity. 
Such systems are very common – almost a half 
of all stars in our galaxy are double. The velocity of 
orbital movement of double stars is too high: 
43 10 / smv   . The observer on the Earth sees this 
system at first as a double one, then as a single, when 
one shadows the other. In such cases, we have the 
light sources, which move to us, or away from us 
(fig. 6.1). If the classical velocity addition law is 
executed, the light which comes from the stars 1 and 
2 is overcoming the distance to the Earth with different velocity: 1C C v   and 
2C C v   mean that the light signal from the star 1 exceeds the signal from the star 
2. In a half of the period, when the stars change their positions as a result of the 
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movement, the light signal from the star 1 is perceived behind time. The observer on 
the Earth would have noticed this difference in time of light coming from the stars 1 
and 2. Although such difference in time was not observed. Since the peculiarities of 
the double stars conduct and other experimental data are the evidence of the fact that 
the light is always spread with the same velocity regardless the velocity of the source 
or receiver.  
6.2 Lorentz’s transformations 
According to the postulates of the relativity theory, the connection between the 
coordinates and time in two inertial frames of reference 
K  and 'K  is not determined by Galileo’s 
transformations, but by more complicated Lorentz’s 
transformations. 
Let us consider these transformations. We will 
assume that in the moment of time ' 0t t   the 
coordinates of the system K  and 'K  coincide (fig. 
.6.2). 
We will suppose that the axis system 'K  moves to the right along the axis x 
with the constant velocity v . As the relative velocity passes along the axis x , it 
appears that 'y y ; 'z z  - from consideration of symmetry. Let us see how the 
coordinates x  and t  for time will change. Point 'O  stands for the beginning of the 
axis system 'K , that is 
' 0x                                                                (6.1) 
The coordinate of this point, in the fixed system of coordinates K , in the 
moment of time t counted in the fixed system of coordinates x vt . This expression 
as:  
0x vt                                                         (6.2) 
Comparing (6.1) and (6.2), note that in one and the same point in space the 
value 'x  (in the 'K  system) and x vt  (in the K  system) is zero. In this connection, 
it is advisable to assume that 'x  and x vt  for any time point differs only with a 
constant factor  , as far as space is homogeneous: 
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 'x x vt  .                                               (6.3) 
Now consider the point O , which corresponds to the beginning of the fixed  
system O : its coordinate in this system 
0x  .                                                              (6.4) 
In a movable system the same point in the moment of time 't  has the 
coordinate ' 'x vt  . Then write from this point: 
' ' 0x vt  .                                                     (6.5) 
Comparing equations (6.5) and (6.4), which describe this very point in another 
coordinate system, let's assume as earlier in (6.3), that: 
 ' 'x x vt  .                                             (6.6) 
Considering the equivalence of the two inertial systems it is possible to show 
that the proportionality coefficients in equations (6.3) and (6.6) are to be same. 
Define the factor  . For this, we will follow the fact that the velocity of light in both 
systems have the same meaning C. 
Suppose that at the time ' 0t t   from the points O  and 'O , which coincide, 
a light signal is emitted. During the time t signal will reach a certain point with the 
coordinate: 
x Ct .                                                          (6.7) 
In 'K  system the coordinate of this point: 
' 'x Ct                                                          (6.8) 
The expressions (6.7) and (6.8) will be substituted in the formulas (6.3) and 
(6.6): 
     ' 'x Ct x vt Ct vt C v t         ;                    (6.9) 
     ' ' ' ' 'x Ct x vt Ct vt C v t         .             (6.10) 
Define t from equation (6.10) and substitute in (6.9): 
  2
1
' 'ct c v c v t
c
   . 
From which 
2
21
1
v
c


 .                                          (6.11) 
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Substituting (6.11) in the ratio (6.3) and (6.6), we obtain formula coordinate 
transformation for x  and 'x : 
2
2
' '
1
x vt
x
v
c



;                                           (6.12) 
2
2
'
1
x vt
x
v
c



.                                          (6.13) 
Now we find expressions for the transformation for time t  and 't . 
We use transformations (6.3) and (6.6) for x  and 'x  and calculate them 
regarding t  and 't : 
     2 2' ' 'x x vt x vt vt x vt vt              ; 
 2 2 2 2' 1vt x vt x x vt          ; 
2
2
1 1
't t x t x
v v
 
 
 
 
 
 
 
    ; 
2
1
' 1
x v
t t t x
v c
 

    
         
     . 
After inserting of expression (6.1) into the last equation, we obtain 
2
2
2
'
1
vt x
ct
v
c



.                                             (6.14) 
Likewise, we can receive the corresponding formulas of the transformation of 
time from 'K  system into the system 
2
2
2
' '
1
vt x
ct
v
c



.                                              (6.15) 
Thus, it is proved, that transformation formulas for the transition from the 'K  
system into the K  system look as 
2
2
' '
1
x vt
x
v
c



; 'y y ; 'z z ; 
2
2
2
' '
1
vt x
ct
v
c



.            (6.16) 
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Reverse transformation from K  system into 'K  system is described with 
formula 
2
2
'
1
x vt
x
v
c



; 'y y ; 'z z ; 
2
2
2
'
1
vt x
ct
v
c



.           (6.17) 
The equations (6.16) and (6.17) are called Lorentz transformation. 
It can be easily understood that when v c , Lorentz’s transformations 
transform into Galilean transformations. In this way, Galilean transformation is 
realized only in case of movement with the velocity smaller comparing with light 
velocity. Under v c  the expressions (6.16), (6.17) are conceptual. It means that 
movement with the velocity, exceeding the light velocity in a vacuum, is impossible. 
6.3. Consequences of Lorentz’s transformations. The relativity of 
simultaneous events in different frames of reference 
Consider how events depend on time and space in different inertial 
reference systems. 
In classical mechanics temporal correlations between different events 
in space do not depend on the frame in which they are treated. It means 
that when any two events occur simultaneously in one reference system, 
they are simultaneous in other inertial systems. In general the duration of 
one and the same event in classical physics is considered equal to all 
reference systems. 
Special relativity theory leads to the conclusion that time is not 
absolute and its course depends on the frame of reference K  and 'K . 
System 'K  moves relative to K  along the x -axis to the right with velocity 
  (fig. 6.3). Let a rod in system 
'K  be at rest. Inside the rod, at 
point O there is a flashlight, and at 
the ends in points A and B there 
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are photocells. A point coordinate in the system 'K  is 1'x , and point B is 
2'x . Let in some point the flashlight O give a brief flashlight. From the 
point of view of the observer, which is in the movable system 'K , the light 
momentums reach the equidistant from point O photocells A and B at one 
and the same moment of time 
1 2' ' 't t t   (or 2 1' ' ' 0t t t    ), as velocity 
of light transmission is the same in both directions and is equal to c . Thus, 
in the system 'K  both solar cells will operate simultaneously at time 
1 2' ' 't t t  . Now consider the situation from the perspective of the 
observer in the system K . The velocity of light shall be also the same in 
all directions, but ways that light will have gone to the solar cells A and B 
are to be different, photocell A is moving (relative to system K ) toward 
the light signal and the photocell B is moving along the direction of 
propagation. Therefore, in the system K  the signal will come to the point 
A faster than to the point B. 
Assume that a coordinate 1'x , in the system 'K , corresponds to the x 
coordinate in the system K , similarly, a coordinate 
2
x  corresponds to the 
coordinate 
2
'x . In terms of observer, in the system K  a photocell A is 
triggered at the time 
1 1
2 21
1 2 2
2 2
' '
' '
1 1
x x
t v t v
c ct
v v
c c
 
 
 
. 
And photocell B at the moment 
2 2
2 22
2 2 2
2 2
.
' '
' '
1 1
x x
t v t v
c ct
v v
c c
 
 
 
 
Consider 
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 2 2 1
2 1 2
2
' '
1
v x x
ct t t
v
c

   

.                      (6.18) 
From the expression (6.18) it follows, that when the simultaneous events in the 
'K  system are separated in space ( 1 2' 'x x ), then they will be not equal in the 'K  
system (
1 2t t ). If 2 1t t  becomes a subtrahend, it indicates a change in the order of 
events that are in some systems event 1 would surpass event 2, and in others, by 
contrast, event 2 would surpass event 1. This is possible only for events that are not 
in the causal relationship. Cause-connected events (e.g. shot and hitting the ball) in 
any frame of reference can not exchange the places and always an event that is the 
reason is to surpass an effect. Thus, for high velocity v c  the events simultaneous 
in one reference frame may be not simultaneous  in other systems, that is simultaneity 
is a relative concept. 
6.4. The Effect of time relativity 
The fact that the events that occur simultaneously in one reference frame, may 
not be simultaneous in another system, makes it possible to believe that time itself is 
not absolute and flows depending on the choice of reference frame. Compare the flow 
of time in the different inertial frames of reference. For a measurement of time, as is 
known, it is used a clock that is built on the principle of some or another periodic 
process. Consider the so-called light-bar clock with two flat mirrors at the ends, 
between which short light momentum travels (fig. 6.4). The period of such clock is 
equal to the time interval between two successive 
moments when the light pulse reaches a certain 
mirror. 
Imagine the reference system 'K , which is 
moving relative to some inertial reference system K  
along the x -axis with constant velocity v . We will 
place a light clock fixed in the system 'K  and orient 
it perpendicular to the direction of motion of the system 'K . The period of light clock 
in the system 'K  
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0
2l
t
c
  , 
where l  is the distance between the mirrors in the system 'K . 
In system K  the distance between the mirrors is also equal to l , as far as the 
lateral dimensions of bodies, as it will be shown later, are unchanged in different 
inertial reference systems. 
As a result of the motion of system 'K , the light momentum relative to system 
K  will pass for the period another way (line ' ''AB A ), because for the time when the 
light momentum reaches the upper mirror, the lower one shifts for some distance to 
the right. Thus, the light takes more time to cover the distance between the mirrors. 
Let denote t  ‒ period of the clock moving relative to the system K  (fig.6.4). 
From the right angle triangle ' ''AB A  have by Pythagorean Theorem: 
2 2
2
2 2
v t c t
l
   
   
   
 
  . 
From which 
2
2
2 1
1
l
t
c v
c
 

. 
By virtue of the fact that 0
2l
t
c
    
0
2
21
t
t
v
c

 

.                                          (6.19) 
Magnitude 
2
21 v c
  is less than one, that’s why 0t t  . An interim 0t , 
calculated in the system, where the clock is immovable, is called a proper time.  
Thus, t  depends on the travel velocity v of one frame of reference against 
another one. This conclusion can also be expressed as follows: clock moving relative 
to the inertial reference system is slower than the clock which is at rest. This 
relationship is essential for the velocities v , close to the velocity of light c . In 
classical mechanics v c  and, as it is in the equation (6.19), 0t t  , that is a 
time turnover does not depend on the state of movement. 
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Relativistic effect of time course dilation is experimentally confirmed in the 
observation of muon microparticles. Muons are the elementary particles whose mass 
is equal to 207 electron masses, and the charge is equal to the electron charge and can 
be both positive and negative. Muons are produced under the influence of cosmic 
rays in the upper atmospheric layers at an altitude of about 20 ... 30 km. The average 
time of the muon existence is 6
0
2,2 10t s   . If the time of muon existence does 
not depend on velocity, then even moving at a velocity close to the velocity of light, 
muons would pass quite short distances:
 0
600 m
s
tс   , not reaching the earth 
surface, where they are being watched. In the system of reference, associated with the 
Earth, time of muons existence 
0
t  according to (6.19), exceeds 
0
t  and is sufficient 
for the muons to reach the surface of the Earth. 
6.5. The effect of length relativity 
Consider the issue on the relativity of interspaces (length, distance). 
In the frame of reference 'K , which moves relative to the system K  with a 
constant velocity v , some rod is in the state of rest. Let it be located along the axis 
'x . The coordinates of the rod ends 1'x  and 2'x  are in this system of reference 
independent on time. The length of the rod is 0 2 1' 'l x x   in the system 'K  is called 
proper. Let determine what will be the length of the same rod, if it is measured in the 
reference frame K . For the observer in the reference frame K  the rod will move 
with velocity v . To measure the length of the rod, which is moving, the observer 
must mark on the x -axis the position of its ends with a clock 2x  and 1x  in the system 
K  at the same time. Their difference 2 1l x x   determines the length of the rod in 
system K . But the coordinates 1x  and 2x  are connected with the coordinates 1'x  and 
2'x  of Lorenz's relations 
2
2 2
2
'
1
x vt
x
v
c



;  11 2
2
'
1
x vt
x
v
c



. 
Thus, the proper length of the rod is 
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. 
The length of the rod in the system K  
2
20
1 vl l
c
  
. 
Thus, the linear dimension of a body in the direction of its movement is 
shrinking relative to a reference frame K  at 
2
21 v c
  times and is less than the 
proper length of a body 
0
l  ( 0l l ). The length of the rod is the biggest in the frames 
of reference with respect to which the body is at rest. This result is called the 
Lorentz’s contraction. 
From the Lorentz’ transformations (6.17) it follows that 2 1 2 1' 'y y y y    and 
2 1 2 1' 'z z z z   , that is the transverse sizes of a body do not depend on its 
movement’s velocity is equal relative to all inertial frames of reference. 
6.6. The interval between two events 
Consider the events 1 and 2 that are taking place in the inertial frame of 
reference K  at a point  1 1 1, ,A x y z  at time 1t  and at a point  2 2 2, ,B x y z  at time 2t  
respectively. In the frame of reference 'K  these events are taking place at point 
 1 1 1' , ' , 'A x y z  at time 1't  and point  2 2 2' , ' , 'B x y z  at time 2't . Denote: 
     
2 2 22
12 2 1 2 1 2 1l x x y y z z       ‒ the squared distance between points A and 
B in the system K ;      
2 2 2
12 2 1 2 1 2 1' ' ' ' ' ' 'l x x y y z z       ‒ the squared 
distance between points 'A  and 'B  in the system 'K . 
With the help of Lorentz transformation it is easy to prove that  
2 2 2 2 2 2
12 12 12 12' 'l c t l c l   ,                                (6.21) 
where 12 2 1t t t  , 12 2 1' ' 't t t   ‒ time intervals between the events in both frames of 
reference. 
Magnitude 
2 2 2
12 12 12S c t l                                            (6.22) 
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is called an interval between two events. 
Equality (6.19) shows that the interval between the two events is the same in 
any inertial reference systems: 
12 12'S S inv  .                                            (6.23) 
Viz invariant quantity.  
The interval 
2 2 2
12 12 12S c t l   can be real 
2
12 0S   conceptual 
2
12 0S  , and 
equal to zero. 
If 2
12 0S  , then 12 12| | | |l c t . This conceptual interval is called space-like. In 
this case, the events under consideration will not affect each other because signals 
cannot be extended at a velocity that exceeds c. These events cannot be etiological. 
For the events, separated by the space-like intervals, there is a system of reference 
where they can take place simultaneously: if 12' 0t  , then an interval 
2 2
12 12 12'c t l l   , if 
2
12 0S  , then 12 12| | | |l c t . Such a real interval is called a time-
like. The events, separated with this interval, can be etiological. For such events there 
are no systems of reference in which they occur simultaneously: if 12' 0t  , then the 
interval becomes real. It contradicts the definition of time-like interval that must be 
real. The development of this statement makes it possible to show that the reason can 
never be earlier than the effect. 
 
6.7. The velocity conversion. Relativistic rule of velocity addition 
The conversion of velocity in the case of transition from one inertial system 
into another in classical mechanics is realized according to the rule (6.2) 
0
'v v v  ; 
0
'x xv v v  ; 'y yv v ; ,'z zv v  
in the case when the system 'K  moves along the x -axis with a stable light velocity 
0v . 
In relativistic mechanics, this rule contradicts the principle of the light velocity 
steadiness. Let us assume that in 'K  system the velocity of light 'v c , then, 
according to the rule (6.2.) of velocity addition in classical mechanics for the 'K  
system 0xv c v  , i.e. the velocity of light will be exceeded. Let’s determine new 
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rules of velocity transformation which would correspond to the second postulate of 
the relativity theory. 
Let’s use Lorentz’s transformation laws: 
0
2
0
2
' '
1
x v t
x
v
c



;  'y y ;  'z z ;  
0
2
2
0
2
' '
1
v
t x
ct
v
c



. 
Let’s differentiate the equations: 
0
2
0
2
' '
1
dx v dt
dx
v
c



;  'dy dy ;  'dz dz ;  
0
2
2
0
2
' '
1
v
dt dx
cdt
v
c



. 
Having divided the expressions by dx , dy  and dz  by dt  we’ll get 
0
0
0 0
2 2
'
' ' '
'
' ' 1
'
dx
vdx v dtdx dt
v v dxdt dt dx
dtc c

 
 
; 
2 2
0 0
2 2
0 0
2 2
'
' 1 1
'
'
' ' 1
'
v vdy
dy
dy dtc c
v v dxdt dt dx
dtc c
 
 
 
; 
2 2
0 0
2 2
0 0
2 2
'
' 1 1
'
'
' ' 1
'
v vdz
dz
dz dtc c
v v dxdt dt dx
dtc c
 
 
 
. 
Taking into account that x
dx
v
dt
 ; 
'
'
' x
dx
v
dt

 
and analogously, 
y
dy
v
dt
 ;  
'
'
' y
dy
v
dt
 ;   z
dz
v
dt
 ;  
'
'
' z
dz
v
dt
 , 
we get the formulae for velocity transformation in Einstein theory: 
0
0
2
'
1 '
x
x
x
v v
v
v
v
c



; 
2
0
2
0
2
' 1
1 '
y
y
x
v
v
cv
v
v
c



; 
2
0
2
0
2
' 1
1 '
z
z
x
v
v
cv
v
v
c



.            (6.24) 
Analogously for the transfer from K  system to 'K  system 
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0
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'
1
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v
v
cv
v v
c



.             (6.25) 
At small velocities v c  (if 
2
0
2
1 1
v
c
  ) from (6.24) we get the expressions 
for velocity addition in classical mechanics. Supposing that in 'K  system along the x  
axis light travels at the velocity 'xv c . Let’s find the velocity of light in K  system. 
From (6.24) we get  
0
0
2
1
x
c v
v c
v c
c

 

. 
The velocity of light in K  system is equal to c , as well as in 'K  system. To 
sum it up, the rule of velocity addition in relativistic mechanics (6.24), (6.25) 
corresponds to Einstein’s postulate about the light velocity steadiness. 
 
 
 
6.8. Newton’s second law of motion and the momentum in relativistic 
mechanics 
It follows from the principle of relativity of relativistic theory that the 
equations, which describe the motion of bodies under the action of forces, should be 
the same for all the reference systems, 
i.e. they are Lorentz-invariant. It also 
concerns the conservation laws. It 
appeared that for an isolated system of 
relativistic particles the law of 
conservation of momentum in classical 
mechanics p mv  is not valid. For the 
law of conservation of momentum in 
relativistic mechanics being valid it is 
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necessary to change the expression for the momentum. 
Let’s consider the instance where two particles collide. Supposing in some 
inertial reference system K  two equal particles 1 and 2 move opposite to each other 
at a velocity v  at an angle   to an axis x  (fig.6.5). 
Let’s assume that the absolutely elastic collision took place. If the velocity 
component of the first particle along the y  axis before the collision was yv , after 
the collision it becomes equal to yv . The projections of the first and second particles 
momenta before the collision are ymv  and ,ymv  respectively. The total momentum 
of the system of two particles in the direction of y  before the collision is ymv - ymv
=0. After the collision, the Y projections of the first and second particles momenta are 
,ymv  and ymv , respectively. The total momentum after the collision in the 
direction of y  is equal to 0. Likewise, it can be shown that for the X axis the 
momentum of the system does not change. Therefore, in K  system the law of 
conservation the momentum is valid (fig. 6.6). 
Let’s concern the instance of collision from the point of view of the observer, 
who was at a standstill in the 'K  system, which moves at a velocity xv v  relating to 
the K  system (fig. 6.6). Here xv  is the x  projection of the second particle velocity 
before the collision. As a result of such choice of 'K  system, the second particle has 
only y velocity component (fig. 6.6). If the velocity in K  system is equal to yv , then 
from the equation of relativistic velocity addition follows that 
2
0
2
2
1
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1
y
y
x
v
v
cv
v
v
c



. 
Let’s write y  as a velocity component of the particles before the collision in 
the 'K  system. Taking into account that xv v : 
 
2
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
; 
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After the collision 
 
2
2
2
2
' 1
'' 1
1
x
y
y
x
v
v
cv
v
c



; 
 
2
2
2
2
' 1
'' 2
1
x
y
y
x
v
v
cv
v
c

 

. 
It follows thence that the total momentum in the direction of y  before and 
after the collision is not equal. At the same time the momentum along the x -axis is 
conserved:    1 1' ''x xv v . It means, the expression, in which momentum is in 
proportion to the velocity p mv , cannot provide the execution of the law of 
conservation the momentum in different reference systems. Therefrom follows that 
either the law of conservation the momentum is not Lorentz-invariant or there is 
another definition of the momentum, for which the law of conservation is valid in 
every inertial reference system. 
We get the expression for the momentum which will be Lorentz-invariant. 
According to Lorentz transformation laws the displacements y  along the y-axis are 
equal in different reference systems. But time t  necessary for passing the distance 
y  depends on the choice of the reference system. Thus, the velocity component 
y
y
t
v


  will be different for different reference systems. 
For measuring the time interval we use the imaginary watch located on the 
particle. The watch will measure the proper time of the particle 0t . According to the 
(6.19) 
2
20 1
v
c
t t   , 
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from which  
2
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yvy y t y v
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. 
Since 
0
y
t


 is equal for different reference systems, the y  component of the 
vector 
2
21
v
v
c

 is equal for all the reference systems which differ only by their 
velocity components along the x -axis. Having multiplied the vector quantity 
2
21
v
v
c

 by the mass of a particle 0m , we get the relativistic momentum 
0
2
21
m v
p
v
c


,                                             (6.26) 
where 0m  is the mass of a particle at rest. 
The y  projection of the vector p  will remain unchanged in any inertial 
reference system. 
In this example, the axis of reference was located symmetrically so that the 
velocity component of any particle along the x-axis does not change. Then, according 
to the (6.26) xp  will be unchanged. 
Thereby, the law of conservation the momentum in relativistic mechanics is 
valid if the momentum is expressed by the equation (6.26). At small velocities 
1
v
c
  we get the expression for the momentum in classical mechanics: 0p m v . 
Newton’s second law of motion 
dp
F
dt
  turns to be Lorentz-invariant if we 
consider the momentum of the body as 0
2
21
m v
p
v
c


. 
The equation 
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(6.27) 
is the basic equation of relativistic dynamics. 
6.9. The relation between the energy and mass in special theory of 
relativity 
Let’s find the expression for the kinetic theory of energy of a material point in 
relativistic mechanics. The augmentation of kinetic energy of a material point KdE  in 
the case of displacement for the distance dr  is equal to work Fdr , which is being 
performed by force F  that affects a material point in case of displacement: 
KdE A Fdr   
 
or 
 KdE Fv dt ,                                             (6.28) 
since dr vdt , where v  is the velocity of a material point. 
Having inserted the (6.27) into the (6.28), we’ll get 
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. 
Taking into account that vdv vdv  we get  
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Having taken integral of the relation reached, we’ll find 
2
0
2
21
K
m c
E const
v
c
 

,                             (6.29) 
where const  is the constant of integration. 
The constant of integration can be defined on condition that if the velocity 
0v  , then the kinetic energy of a body is also equal to zero: 0KE  . From (6.29) 
we get 20const m c . 
The constant of integration 20m c  has a unit of energy and since it is defined at 
it has been called the rest energy of the body: 
2
0 0
E m c . 
To find out the physical meaning of the rest energy, let’s examine some 
experimental research, for instance, about the electron and positron interaction 
(interaction of two particles which possess the same rest mass but opposite charge). 
As a result of the interaction electron and positron cease to exist, transforming into 
the electromagnetic  radiation. As it turned out, the energy of the produced -
quantum is equal to the sum of energies of the electron and the positron, including 
their rest energies. The availability of the rest energy allows considering any physical 
body as some kind of reservoir for energy, which can be easily transformed into any 
other kind of energy. Thus, the expression (6.29) for the relativistic kinetic energy 
with the introduction, of the rest energy changes into 
2
20
02
21
K
m c
E m c
v
c
 

.                               (6.30) 
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At small velocities under the condition that v c  
2
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. 
We get the expression for the kinetic energy in classical mechanics. In the 
expression for kinetic energy (6.30) we specify 0
2
21
m
m
v
c


. 
This value of the mass m  has been called the relativistic mass of the body. 
Now let’s rewrite the equation (6.30) in the form of 
2 2
0KE mc m c  ,                                         (6.31) 
or 
2 2
0Kmc E m c  .                                         (6.32) 
The right part of the equation (6.32) is the sum of kinetic energy and rest 
energy 20 0E m c , the variable
 2mc  in the left part is equal to the sum of kinetic 
energy and rest energy, which is called the total energy of the body E : 
0
2 .KE m c E   
The total energy of the body, as well as the rest energy of it, does not include 
the potential energy of the external field of force. Consequently, the total energy of 
the body (system) 
2E mc .                                                       (6.33) 
This Einstein’s formula expresses one of the most fundamental laws of nature – 
the relativistic mass and total energy equivalence principle. The decrease of the total 
energy of the body (system) leads to the equivalent change of its mass 
2
E
m
c

   In 
the course of usual macroscopic processes the mass of a body slightly changes and it 
cannot be measured. 
The mass-energy equivalence principle was first experimentally discovered and 
proved in nuclear physics. It was due to the fact that, nuclear processes and the 
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processes of elementary particles transformation are accompanied with sufficiently 
large energy changes, which can be compared to the rest energy of the particles. 
6.10. The energy-momentum relation 
Let’s find the energy-momentum relation in relativistic dynamics. It is known 
that, energy and momentum are expressed by the following equations, respectively 
2E mc ,                                                       (6.34) 
p mv ,                                                        (6.35) 
where 0
2
21
m
m
v
c


; v  is the velocity of the body. 
Let’s square the equations of energy and momentum (6.34) and (6.35) and 
multiply them by 
2c  (6.35). The equations become 
2 2 4E m c ; 2 2 2 2 2p c m v c . 
Having subtracted the equation (6.35) from the equation (6.34) we get 
1
22
2 2 2 2 4 2 4
0 02
1
v
E p c m c m c
c
 
 
 
 
     . 
In such a way we get the energy-momentum relation: 
2 2 2 2 4
0E p c m c  .                                       (6.36) 
The rest mass 0m  and the velocity of light in vacuum c  are invariable for all 
the inertial systems. These magnitudes are also Lorentz-invariant. Thus, energy E  
and momentum p  can change in case of passing from one inertial system to another, 
but the difference 2 2 2E p c  remains invariable for all reference systems. This 
significant peculiarity of the energy-momentum relation can be expressed: 
2 2 2E p c const inv   . 
Let’s determine from the (6.36) the relativistic energy: 
2 2 2 4
0E p c m c  . 
This implies that the relativistic energy is attributable even to such material 
objects the rest mass of which is equal to zero ( 0 0m  ). Photon (the particle of light) 
can be referred to such objects. 
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The energy of photon is E pc , and the momentum of it is 
E
p
c
 . 
This means that the photon flux can produce pressure. The light pressure first 
was measured by professor Lebedev. 
Einstein’s special theory of relativity is one of the fundamental theories of the 
XX
th
 century. Its importance is not limited by the fact that with its help we can get 
more accurate results, especially at large velocities. What is more important is that 
special theory of relativity has changed our mindsets. The concepts of space and time, 
which considered to be absolute, turned to be relative and interrelated. The idea of 
mass and energy have also been changed significantly. Special theory of relativity has 
become the component of the global culture. 
Questions for self-assesment 
1. Peculiarities of the behavior of double stars. 
2. Einstein’s first and second postulates. 
3. Lorentz’s transformations. 
4. The relativity of simultaneous events in different frames of reference. 
5. The relativity of time effect. 
6. Experimental support of relativity effect of time dilation. 
7. The proper length of a rod. Effect of length relativity. 
8. The interval between two events. Types of intervals. 
9. The rule of velocity addition in the relativity theory. 
10. Relativistic momentum. 
11. Newton’s second law in the relativity theory. 
12. Rest energy of a body, its physical sense. 
13. The relation between the energy and mass in the special theory of relativity. 
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